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FOREWORD
The purpose of the following investigation is to obtain improved^field 
constants, which approximate the valuations, both finite and infinite, of 
basis-elements of a finite divisor in a quadratic number field to an arbitrary 
positive-valued function, called ceiling ([ 33]) • Then, making use of the 
results obtained we propose to determine that (smallest) finite set M of field 
elements, which contains the quotients of the basis elements mentioned above.
The work is subdivided into four chapters, of which the first, mainly 
expository in character, lay down the foundations for the investigation proper 
which follows. Chapters II and III concern exclusively the cases of imaginary 
quadratic number fields of class-numbers h = 1 and h ^  2 respectively, 
whereas the last chapter deals with the case of real fields of all class-numbers. 
Tables of all the results obtained for various quadratic number fields 
K = Q ( \tnT ) (1 m 1 < 100, and m = - 16 3 as well as m = 101) are given in 
an appendix.
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1CHAPTER I
INTRODUCTION
1. Improved inequalities for ideal bases in general algebraic number fields 
have been obtained by Mahler ([33]). In that paper Mahler gave and made exten­
sive use of the concept of ceiling« To be brief, a ceiling is a positive-valued 
function of the variable prime divisor ^  ranging over all the divisors,
finite as well as infinite, in an algebraic number field K, a finite extension 
of degree n ^  2 over the rational number field Q. The ceiling concept and 
properties enabled Mahler to show that every ideal in K has a basis, such that 
all the valuations of all the basis elements lie within limits, which can be 
given explicitly in terms of field constants and arbitrary ceiling. Mahler did 
in fact prove the following 
Theorem A
Let be an arbitrary ceiling of K, and letUl^be the corresponding
divisor. Further, let [ U\ ] be the ideal,
[ U i x] . j v » '
Then .d a basis a , ... , a of [Ul.] such that1 n a.
n "(n-l)f 3"(n"1} *(i )^ 4 1 \  v  6  !
i- -n
)
 ^(s') $ i \ h s  ) Ms )
(k = 1, 2, ...,n)
where and ^  denote an infinite prime and a finite prime divisor in K 
respectively.
2M oreover, i f  p i s  th e  r a t io n e d  prim e d i v i s i b l e  by
1 ck V \ (  mS" ) V-iT s a t i s f y i n g  p « .> 0 '
The r e s u l t s  o b ta in e d  depend l a r g e l y  on th e  fo llo w in g  sim p le  p r o p e r t i e s  o f 
X(  ) ,  w hich M ahler gave in  ( [3 3 ] )  ns 
Lemma 1
L e t ^ £ K /  0) P  , a p o s i t i v e  c o n s ta n t ,  and a c e i l in g  \ (  ) be such
t h a t
c  r  \ (  v i ) V
u i j .  < x(4- ) v»r-
1
Then
p -  ( n- i )
( A "
( U i p f 1 "n
and  Lemma 2
L e t th e  h y p o th e s is  be as  i n  lemma 1 . F u r th e r ,  l e t  b e  an  a r b i t r a r y
f i n i t e  prim e d i v i s o r ,  such  th a t
S  o >  P
th e n
L ^ 1 p, = ^ ( \X* q) •
o
Me, s h a l l  make r e p e a te d  u se  o f Lemma 1 . The r e s u l t s  g iv e n  by Lemma 2 ,
how ever, can be im proved , a s  we s h a l l  s e e  l a t e r .
3'
2. It goes, without saying that this chapter is to be essentially expository 
in character, and to contain any basic information on fields, valuations, ideals, 
and quadratic forms, that will be subsequently needed. Our main objective in 
the chapters which follow is to determine the best possible values for the above- 
mentioned field constants • The fields to be considered are quadratic number 
fields, i.e.»finite extensions of degree n = 2 over Q* distinction is to be made 
between fields of different class-numbers as well as between real and imaginary 
fields. Besides determining O  we shall also give some minor applications of 
the main results.
We shall denote by
K - any quadratic number field*
Q - the rational number field*
Z - the ring of rational integers*
R - the real number field*
C -.the complex number field*
a,b, c, ... , x, y, z , ... , the elements of Q and/or of R
a, p, Y j m * , £, , , the elements of K
171^ *\jn , ... , . * , 9 'the (non-principal) ideals in K.
3* Throughout, we let
K = Q (t),
with F(x) e Q[x], and F (y ) =0, denote a fixed quadratic number field.
F(x) is to be monic and irreduqible over Q, Besides K, we consider the 
isomorphic images (j = 1, 2) of K in C, given by the (isomorphic) mapping
4.
( j )
K C C
( j  = 1 9 2)
where \;  v '  a r e .  th e  z e ro s  o f  F (x) = 0  i n  C, C le a r ly
(a ) \V ^  a r e  r e a l  <j=> K i s  r e a l
q . (q) Ok- / p)
(b) \j '  , ' K a r e  complex c o n ju g a te s  <(= > K i s  im ag inary .
H ence,
£ E K ---- e K ^
1 g ^  1 /  l  g ^  1
i g^ 1 = 1 g^ i
( V ?  e K ) ,
i f  K i s  r e a l ,  
i f  K i s  im a g in a ry .
. I n  o th e r  w ords, th e r e  a re  two d i s t i n c t  a b s o lu te  v a lu e s  i n  K when K i s  
r e a l ,  and  two equal a b s o lu te  v a lu e s  when K i s  im ag in a ry . T h is  can be e a s i l y  
seen  i n  th e  fo llo w in g  way.
The com ple tion  o f  Q( ) w . r . t .  th e  A rchim edean v a lu a t io n  1 1 ^
c o n ta in s  th e  co m p le tio n  = R o f  Q w . r . t .  11 , L 1 ^  b e in g  th e  o rd in a ry
a b s o lu te  v a lu e . Now, i n R [ x ] . t h e  g e n e ra tin g  po ly raon ia l F (x) f a c t o r s  in to  
r  c f a c t o r s ,  c o n s is t in g  o f  r^  l i n e a r  and r 0 q u a d ra t ic  f a c t o r s ,
r  + r  
1 2
f t  (a)I f  'v) i s  a r o o t  o f  p ( x ) , i t  m ust a ls o  be th e  r o o t  o f one o f  th e  f a c t o r s
F . ( x)* i f  th e  l a t t e r  i s  one o f  th e  l i n e a r  f a c to r s  th e n  = Q (9 ^ ^ )  C R,
w ith  th e  v a lu a t io n s  L l ^ ( j )  eq u a l to  th e  o rd in a ry  a b s o lu te  v a lu e s  i n  R .
c w - j )  ___  ,
B u t,  i f  V i s  a r o o t  o f a q u a d r a t ic  f a c to r  ( i . e .  , i n  our c a s e ,  o f  F (x)
i t s e l f ,  when F (x) does n o t s p l i t  i n  R [ x ] ) ,  th e n  we have = Q( 'jT C C,
w ith  th e  v a lu a tio n s  1 l ^ ( j )  e q u a l to  th e  u s u a l a b s o lu te  v a lu e s  i n  C.
However, the absolute values of two complex conjugate elements are equal,
Hence the number of essentially distinct Archimedean valuations of 
K = Q( \^  ) is given by
5.
Put
roo = ri + r2 (= 1 or 2)
(a) 1 1 = 1 ? 1 (j) (j = 1, 2) (1)
/ U /
where ' is an infinite prime divisor associated with each 1 g ' 1 $
(b) n ^(j)
( 1 for 1 £ j ^ r_^ , i.e. .when K is real
2 for r^ + 1^ j ^  r ^  , i.e. when K is imaginary
Then 2 n,n = r_ + 2r = 2 = [K s ol^ ^ 1 2  l (2)
v/here [l£ 8 Q] as usual denotes the degree of K over Q.
Further, noting.that, when K is real, 1 N(^) 1 = I II L
I N fe) I (3)
for all £ e K, we have
Ut
Both, the sum, (2) and the product (3) are taken over the infinite prime divisors 
in K, with
u^ü) = vf} , ... , U[(r“ 5
To sum up, we see that if K is real, the two absolute values
L g (j = lj 2) form the ineguivalent extensions to K of the
Archimedean valuation 1 x L ^  on Qj and that, if K is imaginary, there is
just one such extension to K, given by
1/2
«■5 1,,= I N ®  1 „
64 , N e x t, we c o n s id e r  th e  e x te n s io n s  to  K o f  in e q u iv a le n t  d i s c r e t e  v a lu a t io n s ,
th e  p - a d ic  v a lu a t io n s  L x i  9 on Q,
P
L e t be  a f i n i t e  p rim e d iv i s o r  i n  K. To each  th e r e  co rresp o n d s a 
u n iq u e  p rim e p >  0 (p s Q ),
p j-=  p
o f  w hich  /  i s  a d i v i s o r ,  i . e .  |  (p ) o r  (p) C vT” • '.Then S ' ru n s  o v e r th e  
d i s t i n c t  prim e d iv i s o r s  o f  p ,  we o b ta in  th e  S * - a d ic  v a lu a t io n s
U - V  (£ e K)
on K, w hich a r e  th e  in e q u iv a le n t  c o n t in u a t io n s  o f  1 x  1 on Q to  K. C o n v e rse ly ,
to  any p > o (p e Q ), th e  p - a d ic  v a lu a t io n  1 x 1  on Q has one o r  two
P
in e q u iv a le n t  e x te n s io n s  to  K a cc o rd in g  a s  (p) = ( p ^  ) does n o t o r  does s p l i t
in to  d i s t i n c t  prim e d iv i s o r s  * f ' ^  .
L e t g e K (£j /  o) and peQ C K th en  
(a )  i f  (p) s p l i t s ,
(p) = . * f  ( 2 ) • e ^ (2)
w here u p p e r s u f f ix e s  d e n o te  c o n ju g a te s ,  and where e vjv = o rd  j^ (p ) i s  by 
d e f i n i t i o n  th e  o rd e r  o f  p = p ^  • T ak ing  norms ov er K, we o b ta in  
N ((p ) )  = N(p) = N ( » r ( l ^ ) G^ ^  ^
( j ) .  e  - ^ )i.e. p" = r ~ i .  n  ( 
j  = 1
T h u s , i t  i s  seen  t h a t  th e  norm o f  S ’ i s  a power o f  p = p ^  ,
N ( « r ) p»r w
w here "j (v i s  c a l le d  th e  d eg ree  o f  vj'- *
9
7.
(b) (? )  = I ~ I  X o rd  v  (5) (5)
*T
.N o w , l e t  1 be an  e x te n s io n  o f  1 1 ^  , i # e , ,PoT J - v
th e n , i t can be shown (T ^1) t h a t  th e  lo c a l  d eg ree
3 *7
II :  ^ = V  XvT (6)
w here
(
(
(
ii ( \^ ) i s  th e  co m p le tio n  o f  K w . r . t . 1 V
( i )
(
( V
, t h a t  o f  Q W ,r . t . L i
P*r
( i i )
( e*r = o r d ^ (p alv) 5 d e f in e d  above
(
( ii
c.-t d eg ree  o f  vT , d e f in e d  above
F u r th e r ,  i t  can a ls o  be shown ( [1 9 ] )  th a t
1 g 1r
i
1 N .  ( ? )  i  W -
W -
V ?  e K (V)
w here N i s  th e  ( lo c a l )  norm ta k e n  o v er K ^  • H ere , we n o te  t h a tW -*• • ------ — w
V 5 e K, ( N(g) i f  (p) does n o t s p l i t  o r i s  r a m if ie d
N r  (?)
We d e f in e
.H £ V  = N( ^  )
th e n ,  by (4) and (6)
(
( g i f  (p) s p l i t s  
“  o rd  ^  ( g ) /n  rs. V ?  e K
1 5  1 . -  p | :  « M Ö / v  V 5  c K
(8)
(?)
8Since the global degree [ K 5 Q ] is equal to the, sum of local degrees and since 
the global norm equals the product of local norms, we have by (6) and (7) , 
respectively,
2 = 2 = [ K : Q ]vT ( (p)
____ n jv
and . 1 1 = 1 N (?)l
4-! (P) ^  P
Next, by (8) ,
*V
• . L £ 1 =
N( vT ord ”r" ®  ^
NU  °rd * (5))_1
(e e k)
whence
____ n jw1 1 J-P p. =
s\ (p)
N ( T  I J~ ord ^
*rj (p)
Nfe)”1 by (5)
i.e. I 1 l£ln'‘r' = LN
J'I(P) 4
By (1) then, we obtain
T~T = i  V ? s K  -joj (li)
where runs through all the prime divisors (finite and infinite) in K. The 
relation (ll) is known as the fundamental product - formula.
9.
5 . From now o n , we d e n o te , by
9^ , a l l  th e  prim e d iv i s o r s  ( f i n i t e  and i n f i n i t e )  i n  K
d , th e  i n f i n i t e  prim e d iv i s o r s  i n  K 
, th e  f i n i t e  prim e d iv i s o r s  i n  K.
I f  K 
c l e a r l y ,
K
i s  th e  com ple tion  o f  K w . r . t .  th e  v a lu a t io n  1 th e n ,
t
R fo r  
C f o r
0}
Q _jv ( t  ) ,  th e
(j  = 1 ,2)
( j  = 1 o r 2)
! - a d ic  number f i e l d  fo r
Ü )
F o llo v in g  M ahler ( [3 3 ] )  Yle d e f in e  a c e i l in g  \ (  ) o f  K a s  fo llo w s .
D e f in i t io n  1
A c e i l i n g  i s  a p o s i t iv e - v a lu e d  f u n c t io n  h( jL^ ) o f  th e  v a r ia b le  p rim e
d iv i s o r , such  th a t
(a ) \ (  ) may assume a r b i t r a r y  p o s i t i v e  r e a l s  a t  a l l  i n f i n i t e
prim e d iv i s o r s  *,
(b) a t  every  f i n i t e  prim e d iv i s o r  ,
- 1 s- / e a
*•( * r ) -
e ^  = o rd  (p )*, p ^  b e ing  th e  co rresp o n d in g  r a t i o n a l  prim e}
l  r- , any r a t i o n a l  in teger* ,
( c) h ( ^  ) = 1 ,  ex cep t a t  f i n i t e l y  many p rim e d iv i s o r s
(a) n \( & ) « 1
10.
l e t
and
n x(\^)
= n'” x( „r )"JV
T h en , from  th e  d e f i n i t i o n ,  we d e r iv e
X ’ ^  X >  0
and U L S
\ (  J)jy ) b e in g  any c e i l in g  o f  K,
^  X (  ^  ) t
C on sid er th e  f i n i t e  d iv i s o r  U l i n  K
A.
Ul n^r
l e t  [ \J\. ] be  th e  ( f r a c t i o n a l )  id e a l  i n  K, c o n s is t in g  o f  a l l  f i e l d  elem en ts
A.
a d i v i s i b l e  by U l  • Then
A,
\ ( . * T  ) y x
F u r th e r ,  by c o n s tr u c t io n  and by  d e f i n i t i o n  o f  norm, Ul and [ Ul ] have sameA. A.
norm,
V  ' wN ( U l J  = K ( t u i j )  = n n ( «r  ) V
ir1/- W / evT
= n p j -
nx( ) - n «!v = $1 -1  = 0
The co rresp o n d en ce  betw een  Ul- „ and  [ Ul ] i s  known [1 9 ] to  be o n e - to -o n e  •,A, A.
and ev e ry  id e a l  U l  /  0 ,  o f  th e  form  U l, f o r  a t  l e a s t  one \ (  ßj^ .) .
R e c a llin g , t h a t  we a r e  d e a lin g  w ith  q u a d ra t ic  number f i e l d s  K, we d e f in e
a b a s i s  o f  o r  o f  [ U l^ ] j  to  be a s e t  o f  two e le m e n ts ,
° i »  ° j
l i n e a r l y  in d ep en d en t o v e r Q,
CL = x a 
2 2
such th a t  we have u n iq u e ly
( e z 
( V cis [U!.J
Then th e  d is c r im in a n t  o f  b o th  U l „ and ["UL 1 i s
(1) ,(1 )  I 2
' ai  a2
d ( U l . )  j i N((Jlv) 2 d d j jI (2) „(2) ; x
J .  2
w here d i s  th e  f i e l d  d is c r im in a n t ,  and w here u pper s u f f ix e s  d en o te  c o n ju g a te s  
o v e r C.
We c a l l  a c e i l i n g  p r i n c i p a l , i f  ^  an elem ent ß e K (ß  /  0) and a p o s i t i v e  
in te g e r  h ,  such  th a t
= 1 ß J ^  . : i
As we s h a l l  s e e ,  every  c e i l i n g  o f  im ag in ary  q u a d ra t ic  number f i e l d s  i s  
p r in c i p a l .
cm ^
12 .
6 . L e t K «(S') be a q u a d ra t ic  number f ie ld . .  We can w r i te
Q ( i / ü T  )
( 12) *,
w here m e Z i s  s q u a r e - f r e e .  The d is c r i r rd n a n t d o f  K i s  th e n
d = 4m i f  m ^  1 (mod 4) )
o r  d = m i f  m = 1 (mod 4) )
and a (m in im a l, in t e g r a l )  b a s i s  f o r  K i s  g iv e n  by
1 9
o r 1 , 00  v d th  uo  =  5
r e s p e c t iv e ly .
A c c o rd in g ly , ev e ry  f i e l d  e lem en t g can be l i n e a r l y  e x p re sse d  i n  th e
form
£ = x + y  v / m  )
o r  £ = x  + y  UO
(x ,  y  e Q) (13)
And, th e  norm and th e  d is c r im in a n t o f  g a re  g iv e n  by
N fc)
2 2 x -  my
o r  N(g) = x2 + xy + y 2 )
and d( 0  = fe -  I )  = 4iny )
o r d(g) my
(14)
w here g d en o te s  th e  com plex c o n ju g a te  o f  By (12) and (14) , i t  i s  c l e a r  
t h a t  th e  f i e l d  d is c r im in a n t i s  th e  g r e a t e s t  common d iv i s o r  o f  a l l  f i e l d  
i n t e g e r s ,  i . e .  o f  a l l  g s K o f  th e  form s (13) w ith  x , y  e Z.
13.
L e t a (m in im a l, in t e g r a l )  b a s i s  f o r  K be
i  t / T1 ,  UO (w here ^0 = V  m o r )
and  UL , an i n t e g r a l  id e a l  i n  K. Then can be w r i t t e n  ( [4 3 ] )  i n  th e  
( c a n o n ic a l)  form*
ui = (sy “i + v - ) (w)
where ( i )  a e Z ( i  = 0> 1 ,  2) j
( i i )  a 2 ja o and  *, a;L <  a Q 5
( i i i )  a } XT ( a) , \ j  a s  •
The numbers * 1 = a
+ a ^ o o-1  -  - 2
(16)
form  a b a s is  o f  \ J l ,  i n  f a c t ,  th e  re d u c e d  b a s i s  o f  7JL , by d e f i n i t i o n .  
Any a e \JL can be w r i t t e n  i n  form
a = al a'l  + a - a2 2 ( a p  ^ Z )
And i t  can be shown [43 ] t h a t
N = l a  a  L o 2 M v l
and c o n se q u e n tly , t h a t
( S  = ( p , . a ^  + ) \ j  S '  9 n o n -p r in c ip a l  p rim e  id e a l  S ’ i n  K 
( (a ) = (a. , ctuCi ) V ( a ) ,  p r in c ip a l  i d e a l  (a ) i n  K.
L e t p be a r a t i o n a l  p rim e . Then we have i n  K,
( (p )
(
* r (1) Ar (2) u (1) / x (2) t  (P)) i f  (f) =
O' (and (p) i s  c a l le d  r a m if ie d ) i f  (*—) = 0 <-=?> p jd(p) . . . .  . .'  ' ' ' — —— —' 'p-
(3.
(p) = (p) ( i . e .  (p) does n o t s p l i t  ) i f  (—)
o r  i s  i n e r t i a l  ^
-1
14 ,
where d i s ,  th e  f i e l d  d is c r im in a n t ,  and (~) i s  th e  u s u a l  L egendre  sym bol. I n  
p a r t i c u l a r ,  f o r  p = 2 and p ^  d ( i . e ,  (2) i n e r t i a l , o r m_ = 1 ( m o d 4 ) ) j
th e n  (2) does o r  does n o t s p l i t  i n to  tv£> d i s t i n c t  p rim e d iv i s o r s ,  acc o rd in g  a s
(*|) = + 1  m ~ 1 (mod 8)
o r  (~) = -  1 m ~ 5 (mod 8)
Nov/, l e t  U l1 and U l ^ be any two id e a l s  i n  K, Then UL^ and UL ^  
a r e  c a l le d  e q u iv a le n t ,  w r i t t e n
U l  3_ r - w  >
i f  3 two n o n -ze ro  f i e l d  i n t e g e r s  and a ^ , such  t h a t
(oL) i n . 1 = (a2) U 2
C le a r ly ,  i s  an e q u iv a le n c e  r e l a t i o n  * a l l  p r in c ip a l  id e a l s  a re  e q u iv a le n t ;  
and a l l  i d e a l s  e q u iv a le n t  to  a p r in c ip a l  id e a l  a r e  p r in c i p a l .
D e f in i t io n  2
The t o t a l i t y  o f  id e a l s  i n  K , e q u iv a le n t to  a f ix e d  id e a l  UL /  (o) i s
c a l l e d  an i d e a l - c l  a s s . The number o f  (L nequ ivalen t) i d e a l - c l a s s e s  i s  c a l l e d  th e  
c la ss-n u m b er h o f  K.
I f  th e  c l a s s - nuniber h = 1 ,  th e n  a l l  id e a l s  i n  K a r e  p r i n c i p a l ,  and we can 
w r i te
U l (1) V UL i n  K .
N ex t, th e  fo llo w in g  theorem  i s  fundam ental f o r  d e te rm in in g  th e  number o f  
i d e a l - c l a s s e s  i n  K, and hence th e  c la ss-n u m b er h o f  K.
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Theorem B
The c lass-n u m b er h o f  a q u a d ra t ic  num ber. f i e l d  K i s  a lw ays f i n i t e .  F o r ,  
th e re  i s  alw ays i n  each i d e a l - c l a s s ,  a t  l e a s t ,  one i d e a l  W  , whose norm i s
n( u ) <  i  / r  i  (I?)
where d i s  th e  f i e l d  d is c r im in a n t .
I n  f a c t ,  i t  can b e  shown ( [2 2 ] )  th a t
N( V I  ) "I / l "  when K i s  r e a l
and N( ~  I  / d  1 when K i s  im ag inary  (n: = 3,14159)
As consequences o f Theorem  B, we n o te  t h a t
( i )  i f  i s  an  id e a l  i n  K , and h , th e  c la ss-n u m b e r o f  K, th e n  \Jl
It.i s  p r i n c i p a l ,  i . e .  , ^  ^  ( l )  *,
( i i )  i f  p i s  a r a t i o n a l  p r im e , p ,V' h , and U l^  > th e n
Up ~  ui2 *
( i i i )  a l l  p rim e i d e a l s ,  whose norms s a t i s f y  ( 1 7 ) ,  can be o b ta in e d  th ro u g h  
th e  (p rim e) d iv i s o r s  o f  th o s e  r a t i o n a l  p rim es p ,  such  t h a t
( (a )  p < L j/cT 1 .
. ( (b )  >
th e n  th o s e  i d e a l s ,  w hich  a re  n o t p r im e , b u t whose norms s a t i s f y  (17) 
can  be o b ta in e d  th ro u g h  m u ltip ly in g  th e  fo re g o in g  prim e id e a l s  
to g e th e r .  The in e q u iv a lc n t  id e a l s  among th o se  two k in d s  th u s  
o b ta in e d  g iv e  u s  th e  c lass-n u m b er h o f K,
7 . L e t
1 6,
2 2
f ( x ,  y) = ax  + bxy + c y ' = [ a ,  b ,  c]
*4 "w ith  a , b ,  c e Z }  ( a ,  b ,  c) = -  1 x , y  a s  i n t e g r a l  v a r i a b l e s ,  be a
p r im it iv e  b in a ry  q u a d ra t ic  fo rm , o f  d is c r im in a n t
, b i
Df  = !
b^
a c  “  T
2 2f  i s  c a l le d  p o s i t i v c - d e f i n i t  e i f  >  0 . I f .n e Z  and  n  = ax  + bxy + cy
f o r  seme x , y e  Z, th e n , th e  p a i r  o f  in t e g e r s  x , y  i s  c a l le d  a r e p r e s e n ta t io n  o f  th e  
in te g e r s  n by  [ a ,  b , , c ] ,  and n  i s  s a id  to  be r e p r e s e n ta b le  by [ a ,  b ,  c ] ,  
l i v e n  two fo rm s ,,
f  = [ a ,  b ,  c] , g = [ a 1 , b1 , c1 ] ,
th e n  f  and  g a re  ca lled , (p ro p e r ly )  e q u iv a le n t ,  w r i t t e n
i f  4  an i n t e g r a l  un im odular tr a n s fo rm a tio n  w ith  m a tr ix  ( ) -  i , e .  , suchr  s
t h a t  p s - g r  = + 1 5  p ,  q , r ,  s e Z  -  ta lc in g  f  in to  g . I t  can be  shown
([2 3 .)  t h a t  th e  r e l a t i o n / n/ i s  an  e q u iv a le n c e  r e l a t i o n  on th e  s e t  o f  a l l  i n t e g r a l  
b in a ry  q u a d ra t ic  fo rm s, and t h a t , e q u iv a le n t  form s have th e  same d is c r im in a n t  
and r e p re s e n t  th e  same in t e g e r s  % th e  co n v e rse  o f  th e  l a t t e r  a s s e r t i o n ,  how ever, 
i s  no t n e c e s s a r i ly  t r u e .  A ls o , from  th e  d e f i n i t i o n ,  i t  i s  e a s i l y  seen  t h a t
f ( x , . y ) / ^ f ( y ,  - x ) f ( ~ y , x ) ^ f ( - x ,  -y )
A form  [ a ,  b ,  c] i s  c a l le d  red u ce d  i f  
( i )  e i th e r  - L a i .  < b £ l a l <  l e i  
( i i )  o r  0 $ b ^ l a l L  = L c 1
17 ,
th e n  th e  fo llo w in g  r e s u l t s  a re  known ([2 3 ]  o r  [2 3 ])  j
(a) ev ery  e q u iv a le n c e , c l a s s  o f  b in a r y , q u a d r a t ic  forms c o n ta in s  a t  l e a s t  
one red u ce d  form  5 i n  p a r t i c u l a r ,  every  e q u iv a le n c e  c la s s  o f  
p o s i t i v e  d e f i n i t e  b in a ry  q u a d ra t ic  form s c o n ta in s  e x a c t ly  one 
re d u c e d  form
(b) th e  number o f  e q u iv a le n c e  c la s s e s  o f  form s o f  a g iv en  d is c r im in a n t  
D« i s  f i n i t e *  •
• i  •
N e x t, g iv e n  a b in a ry  q u a d ra t ic  form  f ( x ,  y ) , we d e f in e  th e  c o n ju g a te  and 
th e  n e g a t iv e  o f  f  to  be
f  ( x ,  -y )  .= f  ( x ,  y) = [ a ,  - b ,  c]
and ~ f  ( x ,  y) , r e s p e c t iv e ly .
Then i t  can  be shown ( [1 2 ] )  t h a t ,  i f  two form s f  and g have th e  same d is c r im in a n t 
D and  r e p re s e n t  th e ,  same prim e p ,  e i t h e r  f  g o r , f  ^  g .
L e t U i = ( a ,  ß) be  an id e a l  i n  K = Q ( /  m ) , a and ß b e in g  f ix e d
in t e g e r s  i n  li .  Then X J \ ,  can be  o rd e re d  by th e  c o n d i t io n  th a t  (aß  -  ßa) >  0 ,
w here d i s  th e  f i e l d  d is c r in d n a n t ,  and a ,  ß a r e  th e  co n ju g a te s  o f  a ,  ß , r e s ­
p e c t iv e ly .
Nov/, l e t  bJV = ( cl, ß) and ( y ,  8) be two o rd e re d  id e a l s  i n  K.
Then ( a ,  ß) = ( r?  S)
P 1
i f  th e r e  i s  a ( s t r i c t l y )  un im odu lar t r a n s fo rm a tio n  w ith  m a tr ix , ( )P s
— p s  -  g r  = + 1 —  ta k in g  one b a s i s  i n to  a n o th e r .  F u r th e r ,  i f  p e K,
P Ul = P ( a? ß) = (pa> Pß) i f  N(p) > 0
= (pß? Pa) i f  N(p) < 0
C o n seq u en tly , we d e f in e  two id e a l s  UL and .'V 'in K to  be s t r i c t l y  e q u iv a le n t , 
v>iritten
Ul ^  ,
I f  f i e l d  in t e g e r s  p and a su ch  t h a t
pU t = , w ith  N(pa) > 0 ,
T hen, i t  i s  c l c a r  t h a t  i n  any. im ag in a ry  q u a d ra t ic  number f i e l d  K, w here 
N (a) > 0 j v' a e K -  I 0  ^ , two e q u iv a le n t  id e a l s  a r e  s t r i c t l y  e q u iv a le n t .
I t  can a l s o  be shown ( [1 2 ] )  th a t
( i )  i n  any r e a l  q u a d ra t ic  number f i e l d ,  whose fundam ental u n i t  q
has n e g a t iv e  norm, two e q u iv a le n t  id e a l s  a r e  s t r i c t l y  e q u iv a le n t  $ 
( i i )  i n  any r e a l  q u a d ra t ic  number f i e l d ,  whose fundam ental u n i t  'n
has p o s i t i v e  norm , 1J l r a l r  = > e i t h e r  TJV o r  /  m UL ^  ^T
b u t n o t b o th .
O b v io u s ly , i f  h and h d e n o te  th e  number o f  e q u iv a le n c e -c la s s e s  and s t r i c t
"I*
e q u iv a le n c e -c l  a s s  es o f  i d e a l s  i n  K, r e s p e c t iv e l y ,  th e n
. m 0
(a ) h  = h i f  and N(y\ ) {  0
+ X  m >  0 1
(b) 2h = h+ i f  m > 0  and  N(*) ) >  0 .
We a r e  now i n  a p o s i t i o n  to  s e t  up a p r e c i s e  co rresp o n d en ce  betw een form s 
and i d e a l s .  F i r s t ,  we d e f in e  an id e a l  \JL i n  K = Q ( /  m ) to  be p r im i t i v e  
i f  i t  i s  n o t d i v i s i b l e  by any  r a t i o n a l  #id e a l  ex cep t ( l ) . N e x t, l e t  K = Q (/ m ) 
be o f  d is c r im in a n t  d ,  w h ere , we r e c a l l ,  d = m i f  m r 1  (mod 4 )  
and d = 4m i f  m j  1 (mod 4 ) .  Then ( [1 2 ] )
(4) i f  UL = (a ,  ß) i s  an  (o rd e re d )  id e a l  i n  K, th e  form
N (ax + ßy)
y)
2 _ 2ax  + bxy + cy " N ( U L ) (18)
19-
has integral coefficients and is a primitive form of discriminant •
We note that N( \Jl ) > 0  and that 1 N(ax + ßy) 1 > 0 the form if defined by 
(18) is then said to belong to the ideal UL with basis (a, ß) , written
( f = f(Ub) = f(a, ß)
( Ul = (a, 8) — > f (" Ub leads to f")
(B) if £  is a given form, not necessarily primitive*
2 2 f(x, y) = arx + b‘"xy + c*y
2 2 = k (ax + bxy + cy ) ,
where (a* , b* , c1) = - k, we let k > 0 if a!’cf’ ^ 0, but we choose k so
2 2 b^ _.
that a > 0  if ac - ^  > 0, Let - -jr = ac - , and d be the field discrim­
inant. Then the ideal
( (a, b - \ /  d ) for a > 0 and v d( 2
Ul = («» P) = [ '_
( (a, ^ ■ ' • 1 ' 1 )/ d for a < 0 and d > 0,
( . 2
is integral and has an ordered basis, Ul being primitive when a > 0, and 
lit being primitive when a I 0. We write
( (a, p) = Ul = U L  (a1 , tf , d  ) = Ul(f)
( f — > U L  (M f leads to UL n)
(C) By (A) and (B) , if we have
f -— ■> U L  ---■> g ,
we also have f = g (same form), the case (d < 05 a < O) being excluded.
20
On th e  o th e r  hand , i f  we s e t  up
0 1 ----- :> f $r
d
“ I
■> A/r. ,'e have
th e n  we have UL
(D) L e t f  and g be two .fo rm s o f  d is c r im in a n ts  D^ , 
b e in g  th e  f i e l d  d is c r im in a n t}  l e t  f  r**sgm I f  f  — >O L and g
tfl <=« AT. . n
C onverse! ey , g iv e n  two s t r i c t l y  e q u iv a le n t  id e a ls  a n d 'Y  i*1 K, th e n  th e
forms f  an d  g ,  d e r iv e d  by way o f  U l —*—> f  a n d ^ T ---- •> g ,  have d is c r im in a n ts
D‘ = - -r = D , and a r e  (p ro p e r ly )  e q u iv a le n t .
(e ) L e t f  be a  form  w ith  d is c r im in a n t  D -  , w here d >  0 i s  th e
d is c r im m a n t  o f  a r e a l  f i e l d  K. Then
f ( x ,  y) /%✓  -  f  (x ,  y) / ---- \  N( Y\ ) = - 1 ,
b e in g  th e  fundam ental u n i t  i n  K.
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CHAPTER I I
IMAGINARY QUADRATIC NUMBER FIELDS 
OF GLAS3-NU1\I3ER h = 1
I n  t h i s  c h a p te r  we c o n s id e r  f i r s t ,  i n  d e t a i l ,  ap p ro x im atio n s  over id e a l  
b ases  i n  th e  G-aussian f i e l d  K = Q ( / - l  ’ ) , i n  th e  f i e l d  K = Q((/~2 ) ,
and in  th e  E i s e n s t e in  f i e l d  = Q (|/-3 ) , a l l  o f  w hich have c lass-num ber
.  .
h = 1 ,  a s  i s  w e ll known. From th e s e  c o n s id e ra t io n s  we s h a l l  th e n  i n f e r
a g e n e ra l r e s u l t  on a p p ro x im a tio n s  over id e a l  b a se s  i n  a l l  im ag in a ry  q u a d ra t ic  
number f i e l d s  K o f  c la ss-n u m b e r h = 1 .
• f j
We s h a l l  s e e  t h a t  th e  f i e l d  c o n s ta n t t j  , a s  g iv e n  by M ahler ( [3 3 ])*  can  
be s h a rp e n e d ,# and l a t e r ,  t h a t ,  a s  f a r  a s  im a g in a ry  q u a d ra t ic  number f i e l d s
\Q
a r e  conce rn ed , \D can be sh a rp e n e d  n o t o n ly  when h = 1 ,  b u t a ls o  when 
h >  2.
We s h a l l  o b ta in  a f i n i t e  s e t  M o f  elem en ts i n  K, i n  f a c t ,  th e  s m a l le s t  
p o s s ib le  M, such  th a t
e M, (h ,  k = 1 , 2 ) ,
'k
where a =
i s  a  \ - b a s i s  f o r  an  a r b i t r a r y  i d e a l  0 1  = [U l\ J -^n  K. T hen, m aking u se  o f  t h i s
A,
r e s u l t ,  we s h a l l  r o - d is c o v e r  th e  f a c t  t h a t  h = 1 f o r  K
22 .
1 . G -aussian f i e l d  K_
* r r ■ ■
B r i e f l y ,  K& = Q (/^3~) = Q (i) .
A (m in im al, i n t e g r a l )  b a s i s  f o r  K g iv en  by
CX
1 ,  i
The g e n e ra t in g  po lynom ial o f  K i sG-
2
P( x) = x + 1  = 0 ,
v li ic h  i s  monic and i r r e d u c ib l e  ov er Q as  -well a s  over R?
2 -  -The d is c r im in a n t  o f  K_ i s  d = - 4  = -2  . F u r th e r ,
G-
a = a  + b i V a 8 K, ( a ,  b e Q ),
a b e in g  c a l le d  a G-aussian in t e g e r  i f  a ,  b e Z •
C le a r ly ,
N (a) = 2a +
and d(a) = -  4b
K_ lias
Gr
th e  fo llo w in g  u n i t s , i i ,
g iv e n  by
(a )  1 + i  and i t s  a s s o c ia t e s  - 1 - i ,  -1  + i ,  1 -  i
(b) p = 3 (mod 4) , p b e in g  a  r a t i o n a l  p rim e
(c )  £ = x  + y i  (x ,  y  s Z % N (^) = p = 1 (mod 4 ))
F i n a l l y ,  a l l  id e a l s  i n  K a r e  p r in c i p a l
G r
N ex t, we c o n s id e r  th e  in e q u iv a le n t  v a lu a t io n s  on Kn ? b o th  Archim edean
Gr
and non~Archim edean.
From th e  c o n s id e ra t io n s  g iv e n  i n  C hap ter I ,  i t  i s  s e e n . th a t  
( i )  th e r e  i s  o n ly  one a b s o lu te  v a lu e  v a lu a t io n .o n  K > v i z . ,
Gr
1 1 = 1 g 1 , ,  ( j )  (Ö = 1 ,  o r  2) )
23.
(ü)
(iii)
n <*> -iq
1 5
1 N(g) 1 =3> I X - i y 1
H
' 2. 2V X + y (x, y e Q).
This is, of course, the only extension of i L^on Q to K^. The conpletion
of K w.r.t. 1 i is obviously G-
On the other hand, in considering the inequivalent continuations to K(T
of discrete valuations on Q, we distinguish three cases, according as p = 2,
p ~ 3 (rcod 4) , or p -£ 1 (mod 4) where in the latter case
2 2P = x + y (£ = x + iy *, x, y e Z)
(A) P = 2
Since 2 is the only rational prime dividing d = - 4, we have
2
(?) = mT  (i*e. (2) is ramified).
Clearly, (2) =. (l + i)2. since
(2) = (2, 1 + i)(2, 1 - i) = (2, 1 + i)2 = (1 + i)2
Hence the only extension to K of the 2-adic valuation 1 lr on QG- 2
is given by
. • _ - <**(1+1) <?>
l ? l (i + i) = 2d  + i)2 (? e V
for, obviously
e(i + i) = 2 f(i + i) = ^
.i,c' “ (1 + x) = °(1 + i) f(l + i) = 2 = :
Again, the considerations of Chapter I give
L 5 = l ^ l(l t i ) = 1 l2
24,
Hence, on writing L 1^ as the extension of 1 1^ on to K^,
1 € V  + i) = l e i : (? £ Kg) .
Thus the conpletion of w.r9te I ^ + ^  is the 2-adic field Q^(i) •
(B) p = j (mod 4)
22 1Since (— ) = +1, and (~ — ) = - 1 for p = 3(inod 4), we have
P P
(-“ ) ^ P 1 .
Hence (p) does not split, i.e., (p) is a principal ideal of degree 2 ,
(p) 2 *
obviously e
(p ) 1  ^ consequently n(p)
the only extension to K_ of the p - adic valuation 1 I on Q,G- p
is given by
I = pVP)
-orh p ) (5)
Clearly.
i % in(p)
(p )
1 N(g)l = 1 U '
As above,
1. £  1 (p) I £ 1P
and the conpletion of H w,r.ta L L, N is Q (i) .& (P) P
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(C) p ~ 1 (mod 4)
. 4  \
H ere we have ( -  — ) = + 1 .
P
2 2(p = x + y  •, £ = x + y i  •, x , y  e Z)
Hence
( p )
( i )
•T" (1) »T (2) ( «T (1) /  S '  (2 ) /  (p ))
(p ,  a + i )  and a! ^  = (p ,  a -  i ) , a b e in g  aw here J ' '
r a t i o n a l  i n t e g r a l  s o lu t io n  o f  th e  congruence.
+ 1 s 0 (mod p ) ,
II
a + 1
. ( p
2 I 2 2 i  2 va  + 1  =>. p j a + 1  b u t p «Jr a + 1 ; .
Cl e a r ly  ,
\ v >  a + i )
1 = e (p , a -  i )  )
f  f \ — 1(p> a + l ) f (p ,  a -  i )  )
) => ■> 0  .(P ) a + i )  (p> a + i )  ( p ,  a + i )
• • ^  f  “ 2 -  [Ka  * Q]
J" |(P)
The two in e q u iv a le n t  e x te n s io n s  to  K o f  th e  p -a d ic  v a lu a t io n  11 on Q a r e  g iv en
G- p
by -o rd  , .( ? )
1 5 1 = P “ ( I  E i p  J '  (p ))
n^~
And n, 1 E,L ~ = 1 N(5) l
vT |(p ) P
a s  we have se e n .
The com ple tions  o f  K_ w . r . t ,  11 a re  th e  Jv - a d i c  f i e l d s  Q _ ( i ) .
G- vo w
Now, c o n s id e r  the  f i n i t e  d iv i s o r  ‘Ul i n  K ,
A. G-
HI, = n „r Wr
S in c e  every  id e a l  i n  i s  p r i n c i p a l , we have
U l . = ( cl) = n o r d ^ ( \ )
f o r  some a /  0 i n  K ,
A. G-
26
R e c a i l in g  th e  fo rm u lae  d e f in in g  1 1^, £: \ (  » T  ) , we se e  t h a t
l  l j *  =  \ (  )  V  * r  ( i )
But ( a )  i s  th e  id e a l  i n  K , w hich c o n s i s t s  o f  a l l  f i e l d  e lem en ts  d i v i s i b l e  
A. Gr
by UU ( cl) i t s e l f .  Hence
A.
[ u x] •>
and th e  r e l a t i o n  ( 1 ) i s  t r u e  f o r  a l l . a. s [ Ut, ] .
S in c e  1 ,  i  fo rm  a b a s i s  fo r .K  , we haveG-
(cd (V
and 5 s ^ i  form  a b a s i s  fo r  ( c ^ ) .  Then by  ( l )  , and n o tin g  th a t  i  i s  a
u n i t  i n  K_ , and th a t  l  i  1 ^  = 1 \ / ^ l  1 = 1  when (p) s p l i t s  fo r
G
th e n ,  V e Q  ^ S_ = ^ ( 1 p- V (2)
<r
M oreover,
n M"
n 1 \  = n 1 cl i  1 •(V
*T
and n 1 n  1^ .
*T'
im ply
n 1
vh
i  l
n  O' n. jx.
- = Ti X( j -  )  * ' ( by (2 ))
«T
1 i d )2 r• 1 I
1 \ 1«l= ^ H. } 1 a 1 1
a l l  te rm s b e in g  p o s i t i v e .
Combining (2) and ( 3) , we o b ta in
i V -o] ( 3)
1  \  =  X( ) 1 1 1^
T h a t a l l  c e i l in g s  i n  a re  p r in c i p a l  i s  c le a r .
27,
To sum up, we state the following
Theorem 1
.To every ceiling X( ^  ). of and to the corresponding finite divisor. 
(:^), for some ^ 0 in Kn j there exists a basis of (c*.^ ), called X~basis,
and denoted by
= = ( \  » =2) =
such that
1 c:k = ^  ) ( Vj^ * k = 1*2)
Furthermore, every ceiling of K is principalsG*
Corollary 1
For the norms of the basis elements, we have the relations
(a) 1 N(c:k) Lro = N(c^) ) k = 1, 2
(b) 1 N ^ )  lp = N(c^)-1 ] j (p)
For the corollary it suffices to note that (b) is an immediate consequence 
of (a) and of the fundamental product formula.
Let
quotients
= (cl , c. ) = (a , :: i) be a X-basis in K , Consider the1 2 X X G-
r^
7~  (h, k = 1, 2) .
C’k
(\) = (c;x) or (\)(i)
(\) = (\)(i) or (c^) ,
We have
I n  o th e r  words
G h) = ( a\ ) ( eq) )
) s, = 1 o r  i  (k  = 1 ,  2) = u n i t s  i n  Kp .
and ( afc) ii p 00
IV
)
< k G
C le a r ly ,
p
 | 
p
 
tv
 I
tv II <V ; b e in g  a u n i t  i n  Kp ,Gr
= ( i ) , th e  u n i t  id e a l
"■ ci■ v  h
• • ~
k
= G , e b e in g  a u n i t  i n  K„ •
ah /. .H ence, th e  ( f i n i t e )  s e t  M o f  a l l  u n i t s  in  K c o n ta in s  (h ,  k =
U- a.
i . e .  s M = ( 1 ,  - 1 ,  i ,  - i  ) ( h ,  k  = 1 ,  2)
k
1 , 2)
And we have p roved
Theorem 2
L e t a = ( cl , a_) = (a , a i )  be  any \ - b a s i s  i n  K . Then th e  s e t  o f
u n i t s  i n  v i z . ,
M = I i )  “ i  j
i s  th e  s m a l le s t  f i n i t e  s e t  o f  e lem en ts  o f  K, t h a t  c o n ta in s  th e  q u o tie n ts
~  ( h ,  k = 1 ,  2)
k
N e x t, l e t  UL be an  a r b i t r a r y  ( f r a c t i o n a l )  
\ (  ) f any c e i l in g  su c h  t h a t  [u\_^] = XX  * a
id e a l  /  (o) i n  K v  •
Gr
= (a^  , c;o) , a \ - b a s i s .
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Then
( a ß -1  01 II '-- Ul
ard ( a2) -1  Ul r-^y \JL
But —  ( h ,  k) b e lo n g s  to  th e  s e t  o f  u n i t s  i n  K • Hence
ak = ' C_
U l  ( l )
S in ce  \J\, i s  a r b i t r a r y ,  we have shown t h a t  e v e ry  id e a l  i n  K i s  p r in c i p a l .
Ct
Ir. o th e r  w ords, h  = 1 f o r  Kp .
V J T
2. F ie ld  K = Q 0 /-2 ~  )
A (m in im a l, in t e g r a l )  b a s i s  f o r  K i s  1 ,  j/-2  } and d = -  8 = -2 ^  i s
th e  f i e l d  d is c r im in a n t .  The g e n e ra tin g  po ly n o m ia l
p
F (x) = x + 2 = 0
i s  m onic and i r r e d u c ib l e  o v e r Q and  e v e r  R.
I f  ß e K , th e n
ß = \  + h 2 (b i  £ 5
ß b e in g  a f i e l d  in t e g e r  o n ly  i f  b^ e Z. C le a r ly ,
N(ß) = b^ + 2b ^  
d (ß) = -  8b2 .
F u r th e r ,  th e  o n ly  u n i t s  i n  K a r e  -  1 ,  F i n a l l y ,  i t  can be e a s i l y  shown ( [2 0 ] )  
t h a t  h  = 1 i s  th e  c lass-n u m b er o f  K, an d , c o n se q u e n tly , t h a t  a l l  id e a ls  i n  K 
a re  p r in c ip a l  •
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K b e in g  an im ag in a ry  f i e l d ,
( i ) th e r e  i s  o n ly  one a b s o lu te v a lu e  v a lu a t io n  on K, v i z . ,
1 1
= 1 5 ^ 0 )
( j  = 1 o r 2)
( i i ) = 2
( i i i ) 151 = 1 ^  i x2 V=2
l / 2
1 1 N(g) lw = ^  + 2X2 (x± 8 Q)
On th e  o th e r  hand, s in c e
, 8v ( + 1 <= p 5 1 o r  3 (inod 8)
(-■“) = -  n = (P P l ~  1 <F p r 5 o r  7 (mod 8) ,
and s in c e  th e s e  to g e th e r  w ith  p = 2 co v er a l l  th e  r a t i o n a l  p r im e s , t h r e e  c a se s
have to  be  d is t in g u is h e d  i n  c o n s id e r in g  th e  in e q u iv a le n t  c o n t in u a tio n s  to  K o f  
d i s c r e t e  v a lu a t io n s  on Q.
(A) p = 2
2 d iv id in g  th e  f i e l d  d i s c r im in a n t , we have
(2) = vT , b e in g  a ( p r in c ip a l )  prim e i d e a l  o f  d eg ree  1
___  2 ____ 2
= (2, \ /-  2 ) = ( \ A  2 )
Thus ( 2) i s  r a m if ie d . F u r th e r ,  i t  i s  c l e a r  t h a t
Q  ____  =  2
(z- 2 ) '
( ^ * 2 ) = 1
==> n ( / -  2 ) 2 .
H ence, th e re  i s  o n ly  one e x te n s io n  to  K o f  th e  2 - a d ic  v a lu a t io n  1 1 on Q,
g iv en  by -o rd
1 £ 1(V^2) = W )
W ~ )  (5 )/ 2
(e e K)
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•  • 1 5 l ( i/Z - 2  ) = 1 Kfe) l ,
i . e .  I  % 1 ((/— ) = 1 5 12
i s  th e  2- a d io  f i e l d  Q ( / -  2 ) .and  th e  co m p le tio n  o f  K w . r . t .  1 1 ^ - “*- ^
(B) p 5 1 o r  5 (mod 8)
A ll  r a t i o n a l  p rim es  o f  t h i s  ty p e  s p l i t s  in to  two d i s t i n c t  prim e d i v i s o r s ,
(p) = vT (1) J '  (2) ( J -  (1) /  X 2) /  (p ) )
w here X  ^  = ( p , a -  ✓ -
2
x  + 2 « 0
O b v io u s ly ,
e / .\ =  1
s - V 3
i—iit•o 
'—
*
<+H
M 3
 a -  y - 2 .  ) , a b e in g  a r a t i o n a l  i n t e g r a l  s o lu t io n  o f
)d p) , p 2 _ a  + 1
)
=>
4' (d) V
2  n  = 2  = [ K * Q ] .
vi' I (p) ^
And we have two in e q u iv a le n t  e x te n s io n s  to  K o f  th e  p - a d ic  v a lu a t io n  L 1 on 
Q, g iv e n  by
1 £ 1
- o r d  c  ( o )  ( S )
(d) = P ^ ( d ) (5 £ K ; d = 1 . 2 )  .
A ls o , n i  ? i  ,
J \ l (p )
1 Nfe) Lp
*( j )The co m p le tio n s  o f  K w . r . t .  1 1 ^  a r e  th e  * r - a d ic  f i e l d s
y«i
(j )
( 1 ^ 2  ) , (d = 1» 2)
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(C) p = 5 o r  7. (mod 8)
F o r a l l  such p , (p ) does n o t s p l i t  and i s  a ( p r in c ip a l )  p rim e  id e a l  o f  
degree 2 . C onsequen tly
and
(p )
° ( p )
2 )
!> " (P )  = 2 ‘
And th e re  i s  o n ly  one e x te n s io n  to  K o f  th e  p -a d ic  v a lu a t io n  1 1 on g iv e n
by
l  Z 1
(p )
; o rd ( p ) (5 ) (5 s K)
and
l  E i n W  
1 5 l (p)
1 N(e) 1 1 ? 1 ‘
I B ,  l
(p) p
and th e  c o m p le tio n  o f  K w . r . t .  L i s  ( j / -  2 ) •
N e x t,  th e f i n i t e  d iv is o r  01 ^
1 ^
£ ii n X = >/\
it II
1-----1■>
01 
 
1
IIÖ
Hence
n vT
S'
o^d ju ( c l )
f o r  some a ^  0 i n  K .
X ’
F u r th e r , ( a^) = ( \ / ~ 2 )
“  = ( ° 1  » a2}
Vi/ith cl^  = a, and ct.
=>
X ”  "2
i s  a X -b a s is  f o r
33«
Hence.
(a ) ti
tT
1
(b) 1 a2 I =
( i ) 1 y / = 1  1 j .  =
( i i ) l V ^ 2  1,r  =
th e n ,V ^ 2  a Q
1 \  V- = *■( x .) Vx
1 ax l«r i ^ r - 2  L<r
1 /2
b u t
P4-
1 K(/C1 ) 1
1 |/~  2 1 = 1 2  1 = 1  when p s p l i t s , f o r
2 ^
as  x + 2 * 0  (mod p) has r a t i o n a l  i n t e g r a l  so lu t-
c o n se q u e n tly
when p does n o t s p l i t
1 /2
1 2
P«P
io n s  *, n o te  t h a t  p ^ i s  odd s in c e  (2) i s  r a m if ie d  ",
H  X ) V X1 a2 l X /* 2
Thus 1 1 ^  ^  X( J \ )  ( V 5 k = 1 ,  2)
On th e  o th e r  h an d , i f  i s  e a s i l y  seen  th a t
(a )  1 ^ 1  ^  1 \  1 ^  \  >
(b) 1 a £ l^ i = 1 ' / -  2 t j .  = /  2 X( Uj ) *
i  # e* 1 3 , ^ 1 ^ ^  \ T T  X ( l)’^  ) (k  = 1 , 2) (5 )
Prom (4) and ( 5 ) i t  i s  seen  t h a t  we can a p p ly  Lemma 1 o f  C h ap te r I  to  g e t
1 \  \ T T  UL ^ (fc = i ,  2)
and  1 i  X( X  ) (  V  x  5 k = 1 ,  2) .
To sum u p , we have
Theorem 3
L e t X(^) be an  a r b i t r a r y  c e i l in g  o f  K = 
c o rre sp o n d in g  d iv is Q r .  Then 3  . a  X -b as is  f o r  
a = (o^, a2) = (a^j \  ) ,
Q (k ^ 2  ) .  5
(a O  .
[ U l x ] = < \ > « t h e
such that
j =  x(ül} < 1 c;k \  < ^  V
\ KS) i 1  =k  I j v  \< U i ) V*r )
(k = 1,2)
Moreover,
i \  = H »T )
for all satisfying p^, ^ 3.
(k = 1,2)
Corollary 3
The norms of the X-basis elements satisfy the inequalities 
1 N ( 0  1 M < 2 N([ U  J )  (k = 1,2) .V  00
In particular, for c , we have
1 nC^) im
1 S(Cj) Lp
n([ a K]) 
N([ Ulx])-1 ( ^  I (P))
Proof - We have N([ 11., ])T " X [(\)
Also
1 N<\) V N(,k)
( N(ap
N( a.) .N( 1/Z2 ) = 2 N( a.)
1 N(sk) 100 ^  2 N ([ Ul.]) , as desired.
Let :: = ( ,  a ) = (a , c /^2 ) be a X-basis in K.~ 1 2  X X
Consider the quotients
~  (k> k = 1, 2) .
It is seen that ( = (\) °r (\) ( 1/-2 )
( (=*) (y)( i/^ 2 ) or (\)V
(h = 1,2) 
(k = 1,2)
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Hence ( —£ ) = ( l )  ( ■ -1- — ) * ( \/^ 2  ) ( a l l  o f bounded norm s, by C o ro lla ry
*k . V^2 3)
G, n
0  j*1 1  y  *  '* *4“ ~ *
. . —  = e '9 -----  e *, 2 e v/here e = -  1 ,  i . e .  a u n i t  i n  K
C*k / —2
And th e  f i n i t e  s e t  M o f e lem en ts  i n  K,
M = [ 1, -l,yC2 , - / 3  , -A- , - r h  j
Z- 2  / - 2  ;
c o n ta in s  —-  • We have p ro v ed  th e n ,
•:k
Theorem 4-
L e t c = ( : l^  , c ) be any  \ - b a s i s  i n  K. Then th e  f i n i t e  s e t
M = j 1 , -i , :/r 2,-  z r 2, - P  , _ J L  ) (6 )
1 Z- 2  \l - 2  >
i s  th e  s m a l le s t  f i n i t e  s e t  o f e lem en ts  i n  K, t h a t  c o n ta in s  th e  q u o tie n ts
Ci
—  ( h ,  k = i , 2 )
k
Now, l e t  01 be an a r b i t r a r y  ( f r a c t i o n a l )  id e a l  /  (0) i n  K*, \ ( ^  ) 9 any
c e i l in g  such  th a t  [Ul^ ] 11 2 = (:i  > a 2 > ’ a \ - b a s i s  .
Then
r %
- S  ) r ~  
1
1—
l II
£rH!
Ul ~  ( ~  I)
~2 5
= ( "2) -1  U l .
By (6) U l  (1) .
S in c e  131 i s  a r b i t r a r y  we have h = 1 f o r  K.
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3* E is  e n t e i n ' s f i e l d  Kg = Q (j/-  3 )
The g e n e ra tin g  po lynom ial f o r  Kg i s  ,
P (x ) = x2 + x + 1 = 0 ,
w hich i s  i r r e d u c ib l e  o v e r Q and ov er R , by  E is e n s te in * s 
Now,
C r i t e r io n .
t / d
2 (0 = 1)  2)
S o,
Kj, = Q( \5 ) = Q ( / S 3 )
And, a  (m in im al, i n t e g r a l )  .b a s i s  f o r  Kg i s  g iv e n  by
1 , 00
vhere  PO = ^ + ^ • The f i e l d  d is c r im in a n t  i s  d = -  3 •
2
I f  £ e Kg, th e n
£ = * + yuo ( x ,  y  e Q) ,
q b e in g  a f i e l d  in t e g e r  o n ly  i f  x ;y  e Z. A lso ,
N(g) = x2 + xy + y 2
ä fe )  = -  372
T hat Kg has c la ss-n u m b er h = 1 i s  c l e a r ,  s in c e  th e  o n ly  i n t e g r a l  id e a l  whose 
norm i s  l e s s  th a n  o r  equal to  — 1 y d  1 < 2 i s  ( 1 ) .  H ence, a l l  id e a l s  
i n  Kg a r e  p r i n c i p a l .
The u n i t s  i n  Kg a re  ,
+  1  3 +  ( jJ )  3 +  ( j J
w here ee d e n o te s  th e  com plex c o n ju g a te  o f  oj
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As b e f o r e ,  b e in g  an  im ag in a ry  f i e l d ,
( i )  th e r e  i s  o n ly  one a b s o lu te  v a lu e  v a lu a t io n  on K, v i z , ,
1 1
-  l 5 1 . ( 0 )  
u-
( j  = 1 or  2)
( Ü )
11 V; (3)
= 2
u
1 /2
( i i i ) 1 £ 1 =^ i\ 1 N(g) 1 V  x + xy + y (g = x  + y a j  i  x ,y
On th e  o th e r  h an d , s in c e  i t  can be  show i t h a t  f o r  odd p > 3 , ^  ■
7 ( + 1 <= p r  1 (mod 6)
( - J ) =
^ ( -  1 <= P = 5 (mod 6) .
and t h a t  th e s e  p to g e th e r  Yi/ith p = 2 cover a l l  th e  r a t i o n a l  p r im e s , th e  d i s c r e t e  
e x te n s io n s t to  o f  th e  p—a d ic _ v a lu a t io n s  1 L on Q a r e  to  be c o n s id e re d  
s e p a r a t e ly ,  a c c o rd in g  a s  p = 2 , p = 3? p H 1 (mod 6) o r  p = 3 (mod 6 ) ,
(A) p = 2
S in c e  2 ^  d ,  and d = -  3 = 5 (mod 8 ) ,  y/e have ( ) = -  1 .'
H ence , ( 2) i s  a p rim e  ( p r in c ip a l )  id e a l  o f  d eg ree  2 *
f , . ,  = 2 )
( 2)
S(2 )
and e , .. = 1 \ =>
C o n seq u en tly , th e r e  i s  j u s t  one e x te n s io n  to  o f  th e  v a lu a t io n  1 1 on Q, 
g iv e n  by
-  ord, . (g)
1 ^ h) = 2 te'V
n,
•  •
(o') 9
1 g l (^  = 1 N(g) l2 = 1 g l2 => 1 g l = 1 g 12
And th e  2- a d ic  f i e l d  ( \ / -  3 ) i s  th e  c o n v ic tio n  o f  w# r ,  t .  1 J L ^  *
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(B) P = 3
3 1 d => (3)
r-\v = (3> '/~3 ) = ( / “ 3 ) •
C lear ly  ,
a *r ~ 2 
= 1
:> n vT
And th e r e  i s  j u s t  one e x te n s io n  to  o f  th e  3~a 8 ic  v a lu a t io n  1 JL? on Q, v i z . .
3
-  v  * ,  ■ a , «  ><EV2
•  ft
e Kj,)
1 ?  i (  ) = 1 N(?) h  = 1 5  I 3  => 1 ? 1 ( ^  } = 1 ? 1 3 .
The c o n p le tio n  o f w . r . t .  1 JL, j r - ^   ^ i s  0^  ( \Jr- j )  ) .
Remark
— 2
We a lso  have (3) = ( l  + .CO ) ( l  + bü) = ( l  + .U ))
But ( l  + lO  ) = ( ' / - 3  ) ,  a s  b e in g  a s s o c ia te d ,  s in c e  1 + UJ = i/ - 3  . t o  und
vjo i s  a u n i t  i n  •
(C) p ■=. 1 (mod 6)
S in ce  ( - — ) = + 1 , a l l  th e  r a t i o n a l  p rim es o f  t h i s  form  s p l i t  i n t o
two p rim e  d iv i s o r s ,
(p
where = (p ,  a + < o )  and = (p> a + U ) )  ,
th e  r a t i o n a l  in t e g e r  2a + 1 s a t i s f y i n g  th e  co n g ruence ,
2 2
x + 3 — 0 (mod p) (p jj (2a  + 1 ) + 3 )  .
C le a r ly ,
(p) = * r (1) * r (2) ’ ( * r (1) / * r (2) /  (p))»
.(2)
^ ( 3 )  = 1 = f w^ (0) => ^ ( p ) V  = 2 *
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S in c e  p s p l i t s ,  t h e r e  e x i s t  two i n e q u iv a le n t  e x te n s io n s  to  Kg o f  th e  d i s c r e t e
v a lu a t io n  1 1 o n  Q, g iv e n  by
”0 r a .*r(j)  ^ (? e Kg > 3 = 1. 2) •'5. ?  1
(3) " (3)
T hen L S I
L*r
k  i (p ) ■*r
l  N(s) 1
The c o m p le tio n s  o f  Kg w .r ,  t ,  1 1 ^  a r e  th e  f i e l d s  Q ^  ^  ( / -  3 ) ( j  = 1 ,  2)
(d) .P..i. 5. . .  -(qp.4 A).
H e re j ( -  ^  ) = -  1 .  H ence any  r a t i o n a l  p r iu e  ,of t h i s  form  does n o t
sp lit® , an d  (p ) i s  a  ( p r i n c i p a l )  p r im e  i d e a l  o f  d e g re e  2 .
O b v io u s ly , f .
(p )
c (p )
2 )
1 i => "(P)
And t h e r e  i s  o n ly  one e x te n s io n  to  K^ o f  t h e  d i s c r e t e  v a l u a t i o n  L L^ on  Q, 
g iv e n  b y
’ K ’ (p )
L ?  1 , ^  = p ^  (5  e K j)
- ®-p -  ^ S ®-p => 5 ®-(p) ~  ^  ^ *"p 9
t h e  c o m p le tio n  o f  Kg w . r . t .  1 1^  ^ b e in g  th u s  ( / -  3 )
Kg h av in g  c la s s -n u m b  e r  h  = 1 ,  t h e  f i n i t e  d i v i s o r  U l  ^ i n  Kg can  be
w r i t t e n  a s
, ord^ (av>vJ 
wsT
H ence ,
\ (  *f ) ^
~ ~ ^ ^  = n n ^*r
1 \  1 *f-
e Kg and  /  0, F u r th e r  s in c e
( a x ) = ( < y  axto )
4 0 .
we may take ^ “ ("l ’ :;2} = (\  5 V »  )
as a.basis for ii
i—
i
5i -1
*
Thus,
1 :1  = 1 1 fV =A. w k( vJ'* ) = 1 -^ CU l^ jv = 1 " 2  Ijv ( V uS )
noting that uo is a unit in K , and that u> is also a (cubic) root of unity.El
On the other hand, in exactly the same way as for K ,
(X
1 ;:k l U| = ^   ^ (k = 1, 2)
In other words, as for K , we haveCx
1 ?k = x(- f) 5 k = 1» 2)
And, Theorem 1 applies, and so does Corollary 1, care being taken that K be
(X
replaced by and i by \jJ
Again, in exactly the same way as for K > it can be shown that the setlx
of units in > viz., . . .  .
M = I 1, -1, ^ 3 , - U3 ,. üö , - CO ) (7)
is the smallest finite set of elements in that contains the quotients
—  (h, k = 1, 2)
where r. = ( ,  c. ) is a X.-basis in • From this it can be derived that
Ul r'V (1) V  W  E Kg
i.e0, that h = 1 for o
9
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4 , F ie ld s  o f  C lass-N um ber h _=__1
The G-aussian f i e l d  K& and th e  E is e n s te in  f i e l d  a r e  u n iq u e  among
im a g in a ry  q u a d ra t ic  number f i e l d s ,  i n  th e  sen se  t h a t  b o th  c o n ta in  u n i t s  o th e r
-f* ■ ■ *4" ’
th a n  - I s  a l l  o th e r  im ag in a ry  q u a d ra t ic  number f i e l d s  have o n ly  -  1 a s  u n i t s .
Vie have seen  t h a t ,  to  e v e ry  c e i l in g  \ (  ) o f o r , th e r e  e x i s t s
a \ - b a s i s  f o r  th e  f i n i t e  d iv i s p r  ( c ) ,
r.
~  5 'V}* (
w here UJ i s  a f i e l d  u n i t , su ch  th a t
1 \  ^  = X( *4 ) ( V i |  *» k = 1 ,  2) 5
m oreover we have shown th a t  th e  s e t  o f  f i e l d  u n i t s  i s  th e  s m a lle s t  f i n i t e  s e t s  
o f f i e l d  e lem ents t h a t  c o n ta in s  th e  q u o tie n ts
yr* (h* k = 4  2)
K
I n  t h i s  s e c t io n  we c o n s id e r  an  a r b i t r a r y  im ag in ary  q u a d ra t ic  number f i e l d  
K o f  c lass-n u m b er h = 1 , A (m in im al, in t e g r a l )  b a s i s  f o r  such  a  f i e l d  i s
g iv e n  by
1 ,  u j  ( c f .  p.13) •,
and a l l  f i e l d  elem en ts £ a r e  o f  th e  fo rm ,
4 .= \  + x2 UO e Q) •
K being  im a g in a ry , i t  goes w ith o u t sa y in g  th a t  th e r e  i s  o n ly  one A rchim edean 
e x te n s io n  to  K o f  th e  a b s o lu te  v a lu e  on Q, v i z , ,
1 /2
1 5 1 = 1  N(g) 1 (g e K)
On th e  o th e r  hand , th e  number o f in e q u iv a le n t  e x te n s io n s  to  K o f  th e  v a r io u s
. d \
d i s c r e t e  v a lu a t io n s  on Q depends on th e  v a lu e s  o f  th e  L egendre symbol ( — ) , d
P
b e in g  th e  f i e l d  d is c r im in a n t0 B r i e f l y ,
( i )  ( “ ) = + 1  => (P) = aT(1) * T (2) ( hT-(1) /  4 2) /  (p ) )
b-2.
T here  a r e  two in e q u iv a le n t  e x te n s io n s  to  K o f  1 on Q,
I  5 1
vT ü )
n .r
- o r d
p ^  ( j )  s
0 ) (5) (5 c K) t
and II 1 ? U  = 1  N(g) 1
X |( P )  *  1
w here
I (p)
e .> f  r.N*.' \W
( i i )  ( — ) = -  1 => (p) does no t s p l i t  and i s 4a p rim e id e a l  o f  d eg ree
P
2 i  th e r e  i s  j u s t  one e x te n s io n  to  K o f  l  1 on Q ,
- o r d ,  vg p
1 ^ 1  - r> \P/ •
5 (p) " p
and 1 g 1
(p )
1 N(g) l p => l  5 I (p) = 1 5 1
( i i i )  ( — ) = 0 o r p jd (p) = vT 9 i ? e B, (p) i s  ram ified* ,
th e r e  i s  o n ly  one e x te n s io n  to  K o f 1 1 o n Q ,
- o r d j f e ) /
1 ^ 1 ^  =  p^p . $
• • L £  L 2 ,v I  N(£) .1
N ex t, l e t i n K , ‘1
• = n «T
S in ce  h = 1 , v/e have
ÜI X = ( \ }
But = ( v c’x
Hence a =:
( v
a
2,) =
i s  a X -b a s is  f o r  [ U l A.] i n  ]
w 1 ax 1 ov»> l \ 1 ’
(b ) 1 a2 V r= 1 a .1 X
be i
o rd  j -  (a  )
X
NOW ,
^ 3 *
b u t ,
• «
1 U) 1
l i j j  1
*r
L UO 1*r
1/2
( (a )  L N (io ) 1 when (p) i s  r a m if ie d  o r
(
( (b) l ( w l
i n e r t i a l
p*r
1 /2
when (p) s p l i t s *
( ( i )  1 m 1 /  = 1 i f  p Jr m, w hich i s  alw ays
'  ' P«T ' 1
I ( Ü )  i  ~i
t ru e ?  f o r ,  o th e rw ise  (p) would be ra m if ie d
= i i - t l r  i
v  2 v
where y ~  i s  a p ^  - a d ic  r o o t  o f  
«T ' 'v
2 -
x - .m  = 0 (mod p) -  l e t  b e  a n o th e r
root*, th e n
1 ■ ^ ~ 1 -  m / t \(mod p) *
h en ce ,
4
i i_+iü i. £
\ r
,  1  -  El ,
4 1
( = 1 i f  /  P± Where p± N( co )
<  L N( uü ) 1 o th e rw ise
i . e . 1 C2 V
= 4( vvT ) i f  OJ i s  a u n i t  o r a r o o t  o f  
u n i t y ,  o r  i f  (N (io  ) j P -^ ) = 1
£  «• N( U) ) 1 x( «f- ) < X( «r ) i f
P.C
(
(
( I N( a )  )
I n  a l l  c a s e s ,  we ha.ve shown
1 ,  £  , \ ("k Jt ) V
On th e  o th e r  hand , i t  i s  e a s i l y  seen  t i n t
1 i
l. a. 1. X(
\  )
(8)
V
1
I ~x u>11 C'2 llJl
i .e *  1 ~2 1
1 /2
=  1  N (  u l  )  1  w  X (  )
( \ (  U] ) i f  U) i s  a u n i t
( 1 1 /2
= 1 N(U3 ) I  w  X( \ ^ )  >  X( t |  )
44.
o th e rw is e .
I n  a l l  c a s e s ,  we have
1 /2
I  <J0 X( V I )  = m ( w ) i ,  • (‘c = 1 , 2 )  (s)
By (8) and ( 9 ) ,  v/e o b ta in ,  on a p p ly in g  Lemr.ia 1 o f C hap ter I ,
k % '
1 ‘k * ^  1 ^  1
To sum u p , we ha.ve
- 1
H
\ ( v i )  = 1 N(u>) 1"L/2 k ( ' « L ) .
- 2
i
X(»T) = L N ( i o ) 1~^ x (  « r ) ,
)
1 ,2
Theorem 5
L e t K be an  im a g in a ry  q u a d ra t ic  number f i e l d  o f  c lass-n u m b er h = 1 }
) , an a r b i t r a r y  c e i l in g  o f  K *, ( s ^ ) ,  th e  c o rre sp o n d in g  d iv i s o r .  Then m'
a h - b a s is  o f  ( c„ ) ,
such  t h a t
0 = (~a  , ~-2) = (c;x , r ^ u )  )
l i t ;  3 *  1 ck  \ *  1 «  \  *  1  ) 
I,
l u ) l
2 k( X  ) <  L \  V  ^  x ( vT ) V *T
(k = 1 ,2 )
M oreover
L c;k ^ ( v f  )
f o r  a l l  vJ  ^ s a t i s f y i n g  p \  N( (jO ) •
wT \
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C o ro lla ry  5
1 N('-'-k ) .«•« *  1 wj > U  g  (k = l ,  2)
I n  p a r t i c u l a r ,
lN( ^  ) 1 .  = N(c-X) 
and 1 H fSj ) 1 ,  = N(c: ) _1
P ro o f ,  We have W( ( ) )  = N(r.. ) and L N( ci. ) 1. = N(c;. ) ,
a, a. k k
th e  f i e l d  K being  im ag in a ry . A lso
( N(a)
N( ci. ) = ( ( N( \ ) i f  tO i s  a f i e l d  u n i t
k ( N ( a u j )  = ( X
( N ( u o ) « N ( a  ) o th e rw is e .
Hence
p - .
1 N (a^ ) 1^ 1 u3 1 ^  N ( c ^ ) ,  a s  d e s i r e d ,  \\
L e t a = ( :;n , a^) = (r^  , \<j0  ) be a k -b a s is  i n  K,
= 1 j 2)
( h  = 1 ,  2)
(k = 1 ,  2)
( a l l  o f  bounded norms)
The f i e l d  K b e in g  im a g in a ry ,.w e  see . t h a t
i  e  M  =  { 1 .  - 1 ,  W  ,  -  U >  ,  ^  ^  j  ( h ’  k  =  2 )  *
" V  -L  ^
C onsider th e  q u o tie n ts
(h ,  k
Tie have
Hence
• 9 h
V
(O = ( \ )  o r ( a ) (  <jJ )V
( :-k) = ( \ ) ( u > )  or  (c^)
( ^  ) -  (1), ( £ ) ,  ( u)  )
1 A A A
IT* = e > ~  5 e , 10 £ uO
w here e , t M and ^  a re  f i e l d  u n i t s .
And v;e have p ro v ed
Theorem 6
L e t a -  ( J‘2_ 9 c4  ) de any \ - b a s i s  i n  K. Then the  f i n i t e  s e t
M = / 1 j -1, w , -  U) , — , -  \ U) 9
1 ) 
U) ) (10)
i s  th e  s m a l le s t  f i n i t e  s e t  o f  e lem en ts  i n  K, t h a t  c o n ta in s  th e  q u o t ie n ts
(h ,  k  = 1 ,  2)
h
\
Now, l e t  V I  be  an  a r b i t r a l  ( f r a c t i o n a l )  id e ^ l  / .  (o) i n  K$ \ (  j j  ) 9
any c e i l i n g  such  t h a t  [ *
( cl) " 1 U l  = ( 1 ,  ) m , ( "1
( " l  } r ' ^  5 a X -b as is . •' Then
1 ) = ( c;2 ) “ 1 Ul.
1
By (10) 'U l  ( 1 )
\ J l  b e in g  a r b i t r a r y  we have h = 1 f o r  K*
Remarks
( i ) Ü Ü e ^
2 p j -X “ m
(11) V a e Z
(a) 1 a + u> 1 i  1 r 2
w ( ^  I  a ~ m i
(b ) i  a + u0 i
vT
1 N (a +Cü) l  i f  C-0 = '/m ' ,
p «r
^  t l  i ?- - V Ü  ■ -  ,2 1 = 1 F (a  +UD ) l  ifoJ= M i l
v jV  2
i n  e x a c t ly  th e  same way a s  f o r  l u o i ^  ( c f .  p .  43 ) when (p) s p l i t s  i n  K 
( ü i )  l ,et  Ivi be th e  f i n i t e  s e t  o f  f i e l d  e lem en ts  t h a t  c o n ta in s
' h  
+ 1
- (-1* ^ = t , 2 ) .  Ife see  t h a t  i f  ß  e M, th e n  so a r e  -ß  and
'*k
-   ^ • C o n seq u en tly , f o r  K im a g in a ry , we s h a l l  w r i te
47.
M = I 1 j i f  M i s  th e  s e t  o f  f i e l d  u n i t s  
M = I 1 ,  Ul I , o th e rw is e .
( iv )  The fo llo w in g  im ag in a ry  f i e l d s  a re  known to  ha.ve c lass-n u m b er h = 1
([4 3 ]  and [2 2 ]) f o r  L i a H  163
(1) Q ( ) p 7 , )  *, 1 , vj0 = * d = -  7
1 + y /^ 7  
2
(2) q (/3I) *, 1 , 'v u  = , a = -  n
(3) Q ( 1A 9) *» l ,  U; = A JÜ T D  , a = -  19
(4) Q ( 1 /X 3) *, 1 ,  iO = —-1 , d = -  431 + ^  2
(5) Q ( y£67) 1 ,  U) 1 + V^67 , d = -  67
(6) Q c / ^ 6 3 ) ;  i , u > = j d = -  16 3 •
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CHAPTER I I I
IMAGINARY QUADRATIC NUMBER FIELDS 
OF CLASS-NUMBER h >, 2
•j9
The p ro c e d u re  fo r  d e te rm in in g  th e  f i e l d  c o n s ta n t i n  fo r c e  i n  C h ap te r 
I  Y/ill be r e v e r s e d  i n  th e  p r e s e n t  ch ap te r*  I n s te a d  o f  d e r iv in g  a g e n e ra l 
method from  p a r t i c u l a r  exam ples, we s h a l l  p ro cee d  from  a  g e n e ra l  r e s u l t  
to  some s p e c i f i c  i l l u s t r a t i o n s  o f  th e  l a t t e r *  The c a se  o f  h = 2 i s  to
be th o ro u g h ly  in v e s t ig a te d *  I n  th e  ca se  h ^  3 th e  r e s u l t s  w i l l  be
sim ply  d e r iv e d  from  th o s e  o b ta in e d  f o r  h = 2*
Re s h a l l  n o t  c o n s id e r  th e  ca se  o f  p r in c i p a l  id e a l  c l a s s e s ,  a s  t h i s  has 
been  a lre a d y  done. I n s te a d ,  we s h a l l  g iv e  f u l l  c o n s id e ra t io n  to  eq u iv a len c e  
c la s s e s  o f  n o n -p r in c ip a l  id e a l s  w hich a re  n o t c o n ju g a te . We s h a l l  se e  th a t  
th e  f i e l d  c o n s ta n ts  o  o b ta in e d  f o r  im ag in ary  f i e l d s  o f  c lass-n u m b er 
h = 1 tu r n  o u t to  be a l s o  th o s e  f o r  a l l  im ag in a ry  q u a d ra t ic  number
f i e l d s ,  i r r e s p e c t i v e  o f  th e  c la ss -n u m b e rs  h .
F in a l ly ,  to  o b ta in  in  an im proved way, th o s e  v a lu e s  o f  p ^ .  f o r  w hich 
I  a L ,v =  4 (  S '  ) 5 we s h a l l  r e p la c e  a l l  th o s e  r e p r e s e n ta t iv e  i d e a l s  o f
K  NKj
v a r io u s  e q u iv a le n c e  c l a s s e s ,  g iv e n  by Sommer ( [1 2 ]  and [ 4 3 ] ) ,  whose c o r re s ­
pond ing  q u a d ra t ic  form s a r e  n o t re d u c e d  by e q u iv a le n t  id e a l s  w ith  c o r re s ­
pond ing  red u ce d  fo rm s.
49 .
1* Fields of class-number h e 2
Let K = Q( \/ m ) be an imaginary quadratic number field of class- 
number h = 2, where, as usual, m e Z, m 0 and m is square free, A
(minimal, integral) basis for K is given by
1, uo
as we have seen, where ( u)= \J m if m $ 1 (mod 4)
( u) = if m •= 1 (mod 4)
Corresponding to the values of^ .', or m, above, the field discriminant is
( d
(
= m
( d = 4m , respectively.
Next, we have seen that there is only one extension to K of the absolute 
value on Q, viz,,
U L «I
1/2
1 N(S) 1«, (5 E K)
On the other hand, as far as inequivalent extensions to K of non- 
Archimedean valuations on Q are concerned, we have, analogously to what we have 
already seen, the following cases. Briefly,
(A) If ( -  )ir = - 1 then (p) is inertial and (p) rsj (l) •
the only extension is
I ? !•/ \ = 1 5 1 = i N(g) 1
1/2
(p) . ' P . . "" P
d
(5 e K)
(b ) If ( — ) = 0, i,e,, pjd, then (p) is ramified, andP
(p) (p, /  nT) *f
the only extension to K of 1 L
i u s i N(e) i
1/2
on Q is
(? e K)
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(C) If ( — ) = +1, then (p) splits in K,3?
(p) j- {2) ( vf (1) / vT (2) / (p))
= ,(p> a + uj )(p, a + to ) ,
v/here (i) (p, a +uo ) (pj a + ce )
(Ü) a is a rational integral solution of
x^  - m = 0  (mod p) (p \\ a - m) 
if m i 1 (mod 4)
(iii) 2a + 1 is a rational integral solution of
x — m ■=* 0 (mod p) (p |J (2a + l) - m)
if m 1 (mod 4) and p is odd
(iv) (2a + l) is a rational integral solution of
x^  - m —_ 0 (mod 8) (8 \\ (2a + l) - m)
if m = 1 (mod 4) and p = 2 •,
there are thus two inequivalent extensions to K of 1 1 on Q,P p'
- o r d  , (j)(g)
1 ? 1  ^ ( 3 )  = P j  (i) ■ ( ? e K )  (J = 1 ’ 2)
n p.
and n 1 % 1 vM = I N(g) L
xI(p) • p
As before, let IA. * be the finite divisor4 1
Ü K  = n ^'4
in K. If ’Up -V (l) then the results of Chapter I apply} and
~) 1/ 2 / \
= U )  l, . = IN(.U0 ) loa , with M = J- l.COj .
But, if Ul ^  (p, a + cu ) , then
Ui x = (r) (p 5 a + 00 )
where (y) is a (fractional) principal ideal in K • and 
PYax + (a + OJ ) Ya2 e [ Viy] (a± £ z)«
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Further,
N( Ul P  =
1#e* U l  \ = X( q )
t
whence 1 N(y )
VL U l \
2
= n (y )p 
N(y ) =
(Cf. pV 9) ,
*•( ?-1 )' 
p (1)
Next. a J a2 ) = (PY> (a +09)y ) is a basis for [ ZX » in
fact, a \~basis, as we shall presently see.
For,
£r 1 p i % 1 y i1 1 ci 0 S
irl a  l, = l a + u j l  , L y 1 C- *a w  # vi . v.i
(y ) being a principal ideal in K, if (~\j (l)» then
U l  x r u  (y )
whence Y = e (s being & field unit) $ consequently, making
use of the results of Chapter I, we have
V »r1 Y 1 (V 4 x( )
with
thus
with
L y 1
£
vT X( vT )
1 ak 14. < X( ) 
1 \  1 x = X( f  )
V X  satisfying p
V*r J'k = 1, 2
(2). . 
N( U>) * 
(2)
For all wf* satisfying P^ r- £ Pj_ J "Where p^ s y^t^ ^ 9
w iih ( p = norm of the representative ideal of the
( non-principal equivalence class
t i
N( CO ) 
N(a + U)) *
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i n  g e n e r a l ,  i t  i s  e a s i l y  se e n  t h a t  i t  s u f f ip e s  to  ta k e
* T >  max ( [ P. j  ,  [ p t  j )
i n  o rd e r  to  o b ta in
i -*  i; k k ( « r )  (k = 1,2)
On th e  o th e r  hand ,
1. 11  UJ
1 /2  1 /2  .
p . 1 N(y) = P . \ (  Vj^) by (1)
1 cCA N(a + to ) 1 /2  . . . -
S  = 1 p  ?' ( d } •2
th a t  th e  b in a ry  q u a d ra t ic  form  b e lo n g in g  to
Nov,', i t  call be e a s i l y  shown
w here
1--
1
?-* 1--
1
= (PTt (a  + OO ) y) .
f ( x , y)
A 2 = a x
A A 2 r A . A A
+ b x y + c y  = p o. > d » c J
( i )
Aa = P
( Ü ) = 2a -1- ( <J0 + u> )
( i i i ) Ac N(a + U> )■n
S in c e  i t  i s  alw ays assum ed th a t  f  i s  re d u c e d , we have 
„ N (a + Uj  )p ^  —>------— .
p
F u r th e r  i t  i s  known ( [2 3 ] )  t h a t  a red u ced  form  f  alw ays s a t i s f i e s
_ A A _ s 4 , -I  a c .1 ^  ~  1 Df  1
w here L 1 = 1 ^  l  i s  th e  d is c r im in a n t o f  f  = [ a * 3 b ^ , c^ ] ,  d ,  o f
c o u rs e ,  b e in g  th e  f i e l d  d is c r im in a n t .  H ence,
?-iCs -t  w i  (  1 4 i. < n w i  < N( u j )
p 3p +
s in c e  2 ^  p( <( L / ~ d  1 ) ,  and  N( vjO -  ) ^  ^ m) j n o t in g
t h a t N( OJ) ) = / ■ — A when n  m 1 (mod 4)
N (cjo )
4
1 d i
4 when m ^  1 (mod 4) •
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T h u s, we have shown th a t
p ^  i l £ _ + t o A  < K( )
P
C o n seq u en tly , ^y 2
1 i f  1 t  X( ^  )
k -\j| v p 00 u
By (2) and (4) we can ap p ly  Lemma 1 o f  C h ap te r 1 to  g e t
- V 2 a. t\tY Lr,T N V 2
(3)
w
N(a + to  )
TO
- 1
1 , 2
^ 5 - )  C  \ ( < n  $  i  ) V x
To sun u p , v*/e have
Theorem 7
L e t K be an  im ag in a ry  q u a d ra t ic  number f i e l d  o f  c la ss-n u m b er h = 2%
X( ^  ) ,  a c e i l i n g  o f  K •, th e  co rre sp o n d in g  n o n -p r in c ip a l  f i n i t e  d iv i s o r .
Then 3  a X -b a s is  o f [ 9
*  = ( ^  J ;:2  ) = (PYf (a  + CO ) r )
such t h a t
> ^  d 2 «H > < I 4 v 1 “H*1 *f ^  >!
i  ^  l ° ° x ( d )  ^  1 c>  *■>4 *•( n  )
Moreover l  n 1
k
r-
\f  vT j
) k = 1 , 2
•k * - » r = o  )
f o r  a l l  th o se  C  s a t i s f y in g  p „ )  niax ( / p X j where ( s in c e  p 5 th e  
norm o f  tine r e p r e s e n ta t iv e  n o n -p r in c ip a l  id e a l  ( p ,  a + cU Ul^ i s  a lre a d y  
in c lu d e d  in  / p \
p e •,r u
)
u
s , t
( K  ) u ) pt j h
j Ps 1
( Pt  i
K (a + UJ 
N( U3 )
5^ -
C o ro lla ry  7
The norms o f  th e  b a s is  e lem en ts  s a t i s f y  th e  i n e q u a l i t i e s
i  n(c£) i,., « I -h-ima-'i. n( [ ijiJ )
P V
P ro o f
F o r , N(VIX)
Aand 1 N (cv ) 1
-x>
K« U i x]) - O ’ H  u] )
1 X( U1 ) 2
k V| p oo L
N e x t, l e t  
if ir Aa ä ( ‘1 * C2 ) “ (PY> (a + U3 )Y) a h - b a s is  f o r  a n o n -p r in c ip a l
f i n i t e  d iv i s o r  i n  K. C onsider th e  Q u o tie n ts
A
‘h (h , k  = 1 ,  2)
17e have
Hence
( - i )
v/hence
..A
( ( C1J  = (p Xy) or (a + ^  ) ( y)
A
( ( O  = (a + <j0 )y or (p ) ( y)
(h ,  k = 1 ,  2)
(1), (
a + u) ) , ( — 2—  ) ( a l l  o f bounded norms) ,
a + 0 0
aAh a + ^ >
5  " 81 5 ‘ p S2 5
P
w here th e  e. a r e  f i e l d  u n i t s ,  i # e , ,  -  1 . 
1
& + 3
C o nsequen tly
..A
"h
A e M = ( n a  +ü3
( _ 1 ’ ~ p ~
a + uj
’ p ’ a +C0 * a + uj
( 1 ,  —-+-  ^ , fo llo w in g  our c o n v e n tio n a l n o ta t io n  ( c f .  p ,47
( ,r ) w here we have dropped  1 ,  as  1 i s  alw ays c o n ta in e d  
\ P / i n  M*
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I n  t h i s  way, we have proved  
Theorem 8
L e t a = ( cl^  , ) be a \ - b a s i s  fo r  a n o n -p r in c ip a l  f i n i t e  d iv i s o r  i n
K • Then
i s  th e  s m a l le s t  f i n i t e  s e t  o f  e lem en ts  i n  K, t h a t  c o n ta in s  th e  q u o tie n ts
&
( h ,  k  = 1 ,  2)4
Now, i f  we ta k e  in to  c o n s id e ra t io n  th e  c a se  where hit ( l )A.
to g e th e r  w ith  th e  case  o f  n o n -p r in c ip a l  id e a l  c l a s s  above , r e c a l l i n g  th a t  
« 1 °  + <  N(U) ( o f .  p .  53) ,
in ,
we can combine .Theorem 5 5 C o ro lla ry  5 and Theorem 6 o f . th e  p re c e d in g  c h a p te r  
w ith  Theorem 7 , C o ro lla ry  7 and Theorem 8 s t a t e d  above, to  o b ta in  a t  o n ce ,
Theorem 9
.L e t K be an im ag inary  q u a d ra t ic  number f i e l d  o f c la ss-n u m b er h = 2 \
, an a r b i t r a r y  c e l l in g  o f K *,. y  ^he co rresp o n d in g  f i n i t e  d iv i s o r .  
Then 3  a  k -b a s is  o f [ UV y  ] >
a = y a 2 )
su ch  th a t
L Co 1 ^  *■( j l ) *  1 \  lw i ^ ^  ' \
—S r  H S )  < «■ \  i  v < k( vb" ) ^  '
L u ) L  1v
56
M oreover ,
1 ak
sr * ( « r )
f o r  a l l 1 s a t i s f y i n g
p ,j > l . ax  ( ( Pu j  )  9 w here
( i ) pu s us , t < ! ■ ?o " S ' . !  >
( Ü ) Ps e ( p • r | n (co)
)
)
( i i i ) p t e < S (
P S p ; N(a + U))j
C o ro lla ry  9
The norms o f th e  b a s is  e lem en ts  s a t i s f y  th e  i n e q u a l i t i e s  ,
i  n( \  ) N ( a x) •
Theorem 10
L e t a = ( cl f  a ) be any k - b a s is  i n  K • Then
r-J 1 2 .
( , c a + Ui )M = / i-Oj ■ —  v
( P )
i s  th e  s m a l le s t  f i n i t e  s e t  o f  e lem en ts  i n  K, t h a t  o o n ta in s  th e  q u o tie n ts
n
rr ( h ,  k  = l ,  2)
Remarks
( i )  L e t Ul be an a r b i t r a r y  ( f r a c t i o n a l )  id e a l  /  (o) i n  K •,
g = (c;^ , a ) a  \ - b a s i s  th e n
c"1 Ot = ( 1, -S  ) ro  U l .
Consequently h = 2 for K, since the generating elements of all ideals
equivalent to U\. belong to the finite set of field elements,
M = a + U) )~ r )
(ii) We note that we have adopted the conventional notation mentioned
earlier, both above and in Chapter I, in writing
Tr (  ^ a + U))ivl =  /  U ) ,  ■ ■■ ’ - ■ *  -  \( P )
2* Illustrative Examples 
(A) K = Q ( )
Since d = - 20 = - 2  • 5 ? it is seen that both (2) and (5) are
ramified. In fact
(i) (2) = ( 2, 1 + )( 2, 1 - y C ~ 5 ) = ( 2, I + 1/ W 5 )
(ii) .(5) = ( 5 , / - l ) 2 = ( '/)2
Next, we have
• •W 
Ip ) r: ( | ) ( 'rHence,
( - | )  = 1 * 1 <r= p  ä  1p (- 1 <=. p  = 11
And we derive that ,
(a) (p) = wT(1) . W)(2) ( (1) / >*r(2) / (p))
for p =  1, 3, 7, 9 (mod 20)
(b) (p) is inertial_andt (p) r \ j  (l)
for p ~  11, 13, 17, 19 (mod 20)
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For n i l  f i n i t e  d iv i s o r s  U l . i n  K ,
x 1 ,  ' n *r w :IP .
\
we have e i t h e r  I J l . r \ j  ( l )  o r 15, n j  ( 2 ,  1 + / -  "5 ) .
A. \
I n  th e  case  o f  n o n -p r in c ip a l  id p a l  c l a s s ,
Ul (y ) (  2 , 1 + / -  5 )
And
A
f o r  p j i  5 ,
\M1 C1 V = 1 2 V ^ vT )
= x( X  ) f o r  /  2 and 5 ,
■C X( ) o therw ise  •
1 O* = 1 1 + v~  X( 4 " )  fo r  p /  5
= (^ -mT ) f o r  p ^ .  >, 7
C X( 4» ) o th e rw ise
1 Cl* x< \ (  ^ ) V .J '
. = ) V vT s a t i s f y i n g  p ^
On th e  o th e r  hand ,
1 4  i,n = / T x( U(. )
1 4 \  - / t x( 5 )
.”V 1 a* N< /T . x( v )
But \/ 3 ' C \/ 5 0 H ence, i f Ul i s  a f i n i t e  d iv i s o r  i nA
an  a r b i t r a r y  c e i l in g  \( pj^ ). a \ - b a s i s  o f [ U l y ] e x i s t s
~ x(Up < 1 v^ T x(-a> )
•5 x( »T ) x< 1 =k x( ) Vw
w ith  !. c: I p .  = \( )K V/ p . ^  >,
1 »  2
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The norms o f the  b a s is  e lem en ts  s a t i s f y
i  N(ctk ) 1 <  5 N ( U l x)
and th e  f i n i t e  s e t  o f f i e l d  e lem en ts  ,
c o n ta in s  th e  q u o tie n ts
'“k
IIrM
' --
S i ,  2)
(B) K = Q ( ) .
d = -  24 = -  2 3 . 3 => b o th  (2) and ( 3) a r e  ra m if ie d  ,
( i ) (2) = ( 2 , / ^ 6  ) 2
( Ü ) (3) = ( 3 , ^ 6  ) 2 .
r
F u r th e r , ( f )  -  =:> i
) = + 1 <= p a l j . 5 )  7> 13 (mod 24)Mp ) = -  1 <= p « l l ,  17 ,  19 , 23 (mod 24^
Thus
( i n ) (p ) = v j " (1) j - (2) f o r  p — 1 , 5> 7 , 13  (mod 24)
. ( i v )
Now, i f
(p) i s  i n e r t i a l  and (p) r  j  ( l )  f o r  p ~ 11 , 1 7 , 19> 23 (mod 24)
J ' J ’ r
U t  ^ = II i s  a f i n i t e  d iv i s o r  i n  K, th e nA. ^
m  y  r ^ J  (1 ) .o r  1J\. ^  ( 2 - y7T6 ) .
I f  'A x r s j  ( 2 j \ / -  6 ) , th en u q  = C r )  (2 ,  v^ 6  )
Hence
i  ü* = 1 2  \ (  ) fo r  p ^  > 5
= X( J "  ) it
< o th e rw ise
14 i x  = H  * P ) f o r  p 5
=  x (  sS ') it
$ o th e rw ise
1  c *  I j v  <  X( J  ) V  X
= X (  ^  ) fo r  p ^  5
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N ex t, i  a* 1^  = \ J T  \ {  ^  )
^ "*'2 = tTj^  ) 3
; • ;  i  4  <  / T  \ (  v \ )
S in c e  \7q ~ > y/J"" , i f  \ (  ^  ) i s  an  a r b i t r a r y  c e i l in g  o f  K and \j\ ^ 
th e  co rresp o n d in g  f i n i t e  d iv i s o r ,  j  a \ - b a s i s  f o r  [ UL^] such  t h a t
~  * (  XT ) <  1 a. l w  v< v 'T  x (  TJ| ) )
y/6 u u -  j
) k = 1 ,  2
I  x( ^  ) v< i  ^  i  .„ 4 \ (  ^  ) Vv^ r
3
w ith  L a^ _ 1 ^  = k( ) fo r  a l l  J v s a t i s f y i n g  p ^  )>, 5*
The b a s i s  e lem en ts have norms s a t i s f y i n g  
1 N(c:fc) 1 <  6 N( U x) 
and th e  f i n i t e  s e t  o f  f i e l d  e lem en ts
M = ( y C ^  , O  )
c o n ta in s  th e  q u o tie n ts  *h (h ,  k = 1 ,  2) •
C’*k
(C) K = Q ( 7 - 15 )
.00 = — -x. d = -  15 = -  3 .5  => b o th  (3) and (5) a re
ra m if ie d  ,
( i )  ( 3) = ( )
(Ü-) (5 ) = ( 5 ,V^ 1 5  ) 2
F u r th e r ,  s in c e  -  15 -= 1 (mod 8) , we have ( —" ) = + 1 and
( i i i )  (2) = ( 2 , 1 + go ) ( 2 ,  1 + o l  ) •,
( 2 , l  + oo ) i s  th e  n o n -p r in c ip a l  r e p r e s e n t a t iv e  id e a l  g iv e n  by  Sommer ( [ 4 3 ]) 
b u t th e  form  b e lo n g in g  to  ( 2 , 1 + 0.) } i s  n o t red u ced  , f o r
f  = [ 2 , 3» 3 ] *
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- 1-1
So wc r e p la c e  f  by an e q u iv a le n t  (reduced ) form  g ,
g = [ 2 , 1 ,  2]
by  means o f a un im odu lar tr a n s fo rm a tio n  w ith  m a tr ix  ( ]_ o
g co rre sp o n d s  to  th e  id e a l  ( _2, uO ) f \ y  ( 2 , 1 + uj> ) • 
N e x t, f o r  a l l  p ^  7 , we have
( # )  = ( - : ? ) ( ! )  . . .
) i
( pd )
p  • ■ p
( + 1 <= p =  1 ,  1 7 , 1 9 , 23 (mod 30)
( -  1 <= P =  7 , 1 1 , 1 3 , 29 (nod 30)
(1) (2)
C o n seq u en tly ,
( iv )  (p) = » f (1  ^ J ' t e )  fo r  p 3  1 , 1 7 , 1 9 , 2 3  (noa 30)
( v) (p ) /~ \j ( l )  and i s  i n e r t i a l  f o r  p ~  7 ,  1 1 , 1 3 , 29 (mod 30)
As b e fo re ,
e i t h e r  \ J l  ^ r \ j  ( l )  >
UL s ^  (2 , uJ )
I f  V i .  ^  ( 2 , u )  ) ,  th e n  ULX ( y) ( 2 , ixj ) , and
n &  „
1 ai  l * J. 2 \ (  *f- )
V  ^  )
^  H  S  )
1 4  h r I
1  + / - I d
*« ”
© ©
2
= *■( )
<  H  ^  )
l  \  1  ^  <  X ( vJ‘ )K \\)
■J”
fo r  > 3
II
o th e rw ise
X( ^  ) f o r  p r .
vv)
2 3
o th e rw ise
V -i"
f o r  a l l  s a t i s f y i n g  p . > 3  •
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On th e  o th e r  hand,
1 c* 1 = \ /T  \ (  ^  ) (k = 1, 2) •,
I  4  l j ,  = “  X ( J ” ) . ( k  .= 1 ,  2)
B u t \pZ <  2 = N( (j j  ) ^ , Hence, as b e fo re ,  f o r .a n  a r b i t r a r y  c e i l in g
\ ( ) l£  ) o f  K and th e  co rre sp o n d in g  f i n i t e  d iv is o r  01 . , 3  a X -b a s is  f a r  [ i j \  . ]
Ö  * / \  ' 'A.
such th a t
- ^ (  U l)  <  1 c l  ( . 2X( 1JI ) )
*  u u ) k  = 1 ,  2
I  x( x ) < i  \  i. H  *p ) «r )
v d th
1 Tc V  = x( ^  ^  ^  3 *
The norms o f  th e  b a s is  e lem ents s a t i s f y
1 N (ck ) 1 <  4 N( \Jt K)
And th e  f i n i t e  s e t o f  f i e l d  e lem ents
M  = | i l £ ]
c.
1 + \ / -  5 )
)
c o n ta in s  th e  q u o t ie n ts (h ,  k  = 1 , 2 )
a.
3« F ie ld s  o f  dLass-numbe r h ^  3
L e t K = Q(\Z~nT ) be an im a g in a ry  q u a d ra t ic  number f i e l d ,  w he re , as 
u s u a l,  m i s  a s q u a re - fre e  n e g a tiv e  in te g e r .  Then K i s  c a l le d  c y c l ic  o f
a l l  i t s  ( in e q u iv a le n t )  id e a l- c la s s e s  a re  o f  th e  fo rm s ,
- 2 ' ------ - h
« J , J , o . c > 3 t X
where h ^  2 i s  th e  c la s s  number o f  K , and where . = I , on d e n o tin g  
an id e a l  c la s s  o f n o n -z e ro  id e a ls  by  a c a p i ta l  roman l e t t e r ,
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I if a) r v  j ( a )
AI if r-.j i
A2 if -oq C\J
A
and so on.
T7e call a quadratic number field K abelian if it is not cyclic.
Now, we can define the product of two ideal classes A^ and A^ as the
class A_ = A A , corresponding to any ideal Ql 3 1 2  • 3 Ul Ul 2 j by multi­
plying representatives of each class, and obtain that the ideal classes of K 
form a multiplicative abelian group Q ’ . This group is finite since the
C
number of equivalence classes of ideals in K is finite. It is clear that
the class-number h of It is the order of the group _ 0 The inverse of
the class A of U t  is the class .A ^ of U L  ^ , where U t  . U L  ^  (l)
Clearly, for quadratic number fields, real as well as imaginary, . the conjugate
of an ideal U L  determines the inverse of its class A ,  i.e., A ^ = A „
Prom results known in group theory, we have the following results for ideals
and ideal classes in quadratic number fields K, 
h h(A) A" = I C=> U l“ r\j. (1) ( V-U Ul e K) •,
if the class-number of It is even, then 2 is a prime factor of
d  atthe order of the finite abelian group (jj, and hence 
least an ideal class B in K, for which
B / I 
and B2 = I
or, on multiplying both relations by B
B = B / I
Ü V 0Consequently, D  e B such that
9
-1 B
'r r v  Kr
An ideal class A in K is then called ambiguous if 
2 ---
A = I , i,e„ 3 if A = A
6k,
I n  such  id e a l  c l a s s e s
UL r ' ^  13 1  ( -UL 6 A) •,
and c l e a r l y ,  }J\_2 <■%_, ( l )  < = >  A2 = I  ( V  o i. e A ).
And i t  i s  seen  t h a t  in  a q u a d ra t ic  number f i e l d  K o f  c la ss-n u m b er 
h = 2 , b e s id e s  th e  t r i v i a l l y  am biguous p r in c ip a l  c l a s s ,  th e  non­
p r in c ip a l  c l a s s  i s  n e c e s s a r i ly  am biguous.
(B) I f  h = p ( r a t i o n a l  p r im e ) , th e n  0 ^ -  , hav ing  no p ro p e r  sub­
g ro u p s , i s  n e c e s s a r i ly  c y c l ic  ”, h en ce , K i s  c y c l ic  i f  i t s  c l a s s -  
number h i s  equal to  a r a t i o n a l  p rim e .
I f  p I h , p b e in g  a r a t i o n a l  p rim e , th e n
AP -  AP => A1 = A2 3
h e n c e , . c o rre sp o n d in g ly , U lP U 2 ?>  ^ ' l  r ' ° u 2 .
F or (p ,  h) = 1 => p r  + hs =: 1 ( r  Ns e Z) =>
Ap r
A1 A f  => ( A ^ - 3 Ai = (Ak) s a 2 =e>
•CM
II
(C) I f  Bk  = I  f o r  any  k < h and f o r  any B e O V
6
, th e n  k jh .
I t  fo llo w s  a t  once t h a t  a l l  q u a d r a t ic  number f i e l d s  K whose c l a s s -  
number h i s  odd , c a n n o t, c o n ta in  ambiguous id e a l  c l a s s e s .  I n  o th e r  
w ords, i n  a l l  such  f i e l d s ,
A /  A and hence *Jl. •
(D) I f  h i s  even and K i s  c y c l i c ,  i , e , , i f
h 1 1 =  \j, j 2? a ( h
th e n  (J~ )
ft❖HII
J
_h~k = j k ) \J
° r  ^
~  Zr
( l  ^  k < — } k e Z ) ,
n = 1 ,  2 •»<>),
f u r th e r
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the other hand, if h is odd and K is
OJhaii --- h
= hi, • • • > J
h-kJ
h h-k rxJ - (4k '
(1 £ k < h *,
(h 2n + 1 *, n 1 j 2 • • •)
(e) It is known that,
(i) li two groups of order,4, both abelian ,
9 1 =<
r  ( T T2 t40'4 “ ^ J 5 J , J , J h ic7\
and 1U V  2 = ( 2 2 )   ^A , A^ j AA.^  * ^ 4^ = I ^ 9 A
AA
1.
1 = -AiA
Hence, if ,h = 4, K is either cyclic or abelian } if it
is abelian, then all its ideal classes are ambiguous*
(ii) A only one abelian group of order 6, viz,, the cyclic
!y =<4* ( J J2 T6 )-"g = J- ^
Hence, all quadratic number fields whose class-number h = 6 
are cyclic.
3 3 abelian groups of _ order # 8, viz.,
U i
_ r  . ( j j2 t8 ) , and K is
c w
( . 2 3 2 3 4=  ^A, AJ, AJ , AJ , J, J , J , J - z )4 AJ
I = A * 
= JA) ,
and K is abelian, not all ideal classes in K being ambiguous}
note that AJ^ = . AJ . and J ^ t = J. >
1! / A, A^, A0, AA^, AA^ , 2^ ^ 2  ’AA-jAgj 2 2 2 A^A^ =
( I = A = A^  = A2 } AA^ = A±A •, A.A . = 
1  J A/i
and K is abelian, all ideal classes in K being ambiguous,
9
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(iv) 3  two abelian groups of order. 9* viz.,
/\l f* f 2 ___. 9 )
 ^ = I J 5 J ,...• ,.J = I w  and .K is cyclic,
vjX 2
( J j2 T j2 J T T j2 j2 2 2 3 3( dl* dl> Jo’ JiJo5
(J3
2 ' ~  2 ' ”1 2’ 1 2 1 2 1 .2J 1 2
y j .j . = j .j . ) ,i a *
)
) ’
1 “ - “ "2 * T j _ ~j~i
and K is abelian, none of the ideal classes in K being ambiguous* 
2note that
(v) 3  only one abelian group.of order 10, viz,,
IT
J1J2 »
l ) l = n/ ( J J2 """* ' T10 )V, 10 _ ( ^ 9 °  9 • • • 9 °  -  J- ) .
Kence all quadratic number fields whose class-number h 
cyclic.
(vi) 3 two abelian groups of prder .12, viz.,
10 are
d * „ = / J , J2 , ... , J12 = I \ , and K is cyclic,'12* ~ '( )
Ö V 2  
0
( 2 6 4 6 2 6 4 6 63 , AJ, AT , AT , AT , AT , J, J ”, J , J , J , J )
( V J® *» JA ) ,
and K is abelian, not all ideal classes in K being ambiguous *
t3note that J3 “, J J5 •, J2 =
4 — 2and AJ. = A J
4 7J >
. ( /uJ = AT
(p) In general, if h - h .••• h , where lx s* 2 are rational
integers, then
(i) the only abelian group of order h is the cyclic groupo£^ , 
and hence K is cyclic, if (lx , h. ) = 1 (i / j j v i, j) *
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( i i )  b e s id e s  th e  c y c l i c  group«/^ = (J;j. ^ , y | o th e r  a b e l ia n  
g ro u p s , n o n -c y c l ic ,  o f  o rd e r  h , w hich a r e  p ro d u c ts  o f  c y c l i c
g ro u p s ,
< -h .
when h.
- v i  / v '  r- I I
j y 3  = ° 6 h 4 ® * u 4 w h < n h i i h j i ^ >
V J
0
f w '
C  ® ••• & °o • when hi
T h u s, i f  h i s  known.we can w r i te  down a l l  th e  g e n e ra to r s  o f  
/ Vl )l- and co n se q u e n tly , i n  an  a b s t r a c t  way, a l l  th e  id e a l  c la s s e s
o m
i n  K. And we see  th a t  th e  e lem en ts  o f  th e  f i n i t e  s e t  M, w hich
c o n ta in s  th e  q u o tie n ts ( h ,  k = 1 , 2 )  a r e  co m p le te ly  d e t e r -
#m ined by th e  c la ss-n u m b er h o f  K.
N ex t, l e t  U t ^  n o n -p r in c ip a l  d iv i s o r  i n  K, th e n
(a) U L Xn rx.., (bn , cn  + u J  ) )
a n d /o r  (b) k j  (b , c + OJ ) \ n  n  n
n  = 1 ,  2 9 , h -  1
w here
b. < / T -
b >  2 n
( i  ^  n  $ d b e in g  th e  f i e l d  d is c r im in a n t)  }
0 <C 1 C 1 <  b i
p a n d /o r  b
*n n
II p ,  , th e  p*.s b e in g  n o t n e c e s s a r i lyi 3 3
( i )
( i i )
( i i i )  bn  .
d i s t i n c t  •,
( iv )  h ^  2 i s  th e  c la ss-n u m b er o f  K •
p e  s h a l l  a lw ays ta k e  (b , c^ + 00 ) a n d /o r  (b , c^ + 00 ) i n  such  a way 
t h a t  th e  co rre sp o n d in g  b in a ry  q u a d ra t ic  forms o re  re d u c e d , We n o te  t h a t  th e
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c o n d it io n s  s a t i s f i e d  by a^ rind b e fo re  a re  a lso  s a t i s f i e d  by and b^ ,
r e s p e c t iv e l y .
At o n c e , i t  i s  seen  t h a t  th o se  r e s u l t s  o b ta in e d  f o r  f i e l d s  o f c la ss-n u m b er 
h = 2 a l s o  h o ld  fo r  f i e l d s  o f c la ss-n u m b ers  h ^  3. I n  o th e r  w o rd s,.
(A) b -  N (cn  + ^  } 
n  *  bn
N (c + 
= n
b
n
a !   ^ <  N( 0.) ) (n  = i ,  2 ,
h-1 •, h
u • 0
>• 2)
(B) 1 c. L 4' X( kn ' 4 ) V J (k  = 1 ,2 )
= x( a- )
a l l
c^>
\«vi s a t i s f y i n g p «j' >  max ( >u ( p < ) , w here
( i ) Pu  e U  ( j
» . I • N i >
s  , t
( i i ) ( p ) .  ( p 5 P i N( U) ) j
( i i i ) ( p t  ) " ( p : P j N (cn  + W  ) = N (c + u j  ) % n = 1 , 2 , *, n  ' h-1  , h
• >
^ 2
1 /2
N (cn + 4  ) !
1 /2
( c ) 1 ckn " f
N( cn + w  i x(  üj ) = . X(
X L X  b -
(B) ^ 6  ~1 X( Uj ) \<
n
1
X ( U L>
) : .
) k = 1 ,  2 . ./ -- — — 7 ......
) i\ = 1 J 2 , • • • , h— 1
^  2k( J“ ) < V r  i h 2
n
where v j N( cn + u) )
~kn vn> x 
. 1 /2
lN(c + oS ) i n '
1 /2
n = 1 , 2 ,  • • •  , hr*]_
h > 2
and w here = ( " in  3 C2n ) as a X -b a s is  f o r  each  ( in e q u iv a le n t)  non
p r in c ip a l  [ /UL ] a n d /o r  [ qfl, ] c o rre sp o n d in g  to  ijL fhAn Xn Xn
a n d /o r  to  /Ü\. )vnrv/(^)n 5 cn + U) ) > r e s p e c t iv e ly .
n n
6 9.
T hen, w i th  th e  case  when UL. r ^ / ( l )  in c lu d e d , we can s t a t e  th e  fo llo w in g  
g e n e ra l r e s u l t s  w hich h o ld  f o r  a l l  im ag in a ry  q u a d ra t ic  number f i e l d s  o f  class-* 
number h ^  2.
Theorem 11 
L e t.
»•( %  )> 
Then 3
K be an im ag in ary  q u a d ra t ic  number f i e l d  o f  c lass-n u m b er h ^ 2 • 
an a r b i t r a r y  c e i l in g  o f K •, U l .  j th e  co rre sp o n d in g  f i n i t e  d iv i s o r
A,
a X -b a s is  o f  UL ?
e*
Z  rr
such  th a t
} ^  1 c‘k 1q  ^  1 a  \  ^
^  > «  1 W  x< ^  ^  j
M oreover, 1 a, I
K «T = x ( ^  )
f o r  a l l s a t i s f y i n g >  max ( / p < ) 3 w here
u x '
( i ) p u .  U  (
s , t ( P 3 ) 0  ( p t ! )
( i i ) ( D ) .  ( p 
( p s  ) -  ( P s P | N( ) )
( ü i ) ( p t ) -  ( p : p | N( c^  + 00 )  ^ n  — l j  2 j
C o ro lla ry  11
The norms o f th e  b a s is  e lem en ts  s a t i s f y  th e  i n e q u a l i t i e s ,  
L H(c:k) l  <  l  O! N( U t
k = 1 j 2
h-1
70
Theorem 12
Let a = (V , a ) be any X-basis in K. Then the smallest finite set
i-1 (h, k = 1, 2) isof field elements, that contains the quotients
(i) M ( u1 °n + OO --- °h - 1( ^  9 1 9 • * • 9 ~2
k
+ uO
1
I - 1
ch +UJ ch , 
2 ’ 2
+ UO
• • • y
if K is cyclic and h is even m,
S  + UO(ii) M = £ 00 , _ , ... , b
h-1 + OJ
2
h^ l
2
'h-1 + <jj
__2_________
bh-l
2
c + uO
• • • , )
if K is cyclic and h is odd ^
(iii) M = £ tO ,
cx + UO P °h-2 + ^  * °h-l + ^  )5 ••• ’T - —  ’ ~t ~:— 7" )h-2 h-1
if K is abelian and all ideal classes in K are ambiguous *}
(iv) M = I uO
c± + 00
~  3
1
°2 + UO •°h t + 00 °h +L0*  “ 1 • %
9 • • • 9
- 1 h%
% - 1 °2 + W - 2 + 1
3 • • • 9
% - 1
b2 ’ + 1
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• • •
+ CJU .
1
+ U) .
1
• • •
Ch + u-
!  + 1
+ l
if K is abelian and the group of ideal71 r - r
(v) M
where the
(
vO" 'h-2
 ^ UO j
t
l t 3 • • • 3
i (i
1/ . ' 2  .
1$ »oo j hr-l)
classes in K is of the form 
( h, even ) °,
u  • v  i.
depend on h, i.e#, on K#
Remark
If m  is givenj independently of h, then it is apparent from the cardinality 
of M, the set M being written in the adopted convention, that the class-number of 
K is equal to a finite number h .
4. Illustrative examples
(A) K = Q ( vFÜ1
2...
We have_ h = 4 *, d = - 2 *3*H =■> 
Further, uo = \/-33 => 5- N( CO ) &•
The representative ideals in K are,
(2), (3), and (11) are ramified 
1/2
= 1/I3 •
(6, 3 + V-yb )e A 
(3, \Fbb) £ q
(2, 1 \ '\pbb ) E aa1
2 2-(l) e A A-^  = I
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L ot th e  X -b a s is  o f  th e  co rre sp o n d in g  f i n i t e  d iv i s o r s  U l (n  = 1 ,  2 , 3) 
b e , r e s p e c t iv e l y ,
& I
I
( i r : 2 1
)
a  =
( i 2 >
n ) .
~ 2 ' 2 2
~ 3 ( 1 3 5 " 2 3
) ,
iiw here we have o m itte d  t h a t  co rresp o n d in g  _ to  th e  p r in c ip a l  i d e a l - c l a s s ,
T hen , ta lc ing  in to  acc o u n t th e  p r in c i p a l  ca se  ,
( i )  1 cl x  I j .  = 1 6 U l Yl )
1 1 -21
x( )
-  x( \S* ) V b 2 , 3> 11
*■ 3 + \ ^ 3 3  1 Y1 ^
=£> 1 l  ,v X ( VU ) Vvj
= X( .V^  )
^  X( J '  ) . . .  . .
) V p ^ /  2 -,3 ,7 ,11
= x( vu" ) V p ^ ,  /  2 , 3 , 7 , 11 ) (k  = 1 ,  2)
( i i )  1 cl L a = V '  12 \x!
1 1 C*22 ^
1 3 V  1 r 2 l ->'
N< X( J *  )
= x ( * r )  v  p  /  3 , 1 1
\N
«  K( vT )
)
^  1 r-k2 b  ^  ) v’*r ■
= X( mT )  Vpt f /  3,11 
(k  = 1 ,  2)
V v T ) V  p . +  3 ,  11 )\AJ
1 CL ,  1 I- 13  w
= i  ;2 h r 1 Y ,  1 f  )P W N
1
1
x ( vT )
<
=> 1 \ 3  V  *  )
1 = x (  vvT )
sz x ( )
>
^  P >vf. /  2 ,  3 , 11  J
VhT'
1 C 1 «.
2 3  «T * X( 4 W )
V/p *  /  2 , 3 , 1 1 ,  1 7  !V\J
V P /  /  2 , • 3 , 1 1 , 1 7
= 1 ( vn'V ) ) (k  = 1 ,  2)
?3.
On the other hand,
(1) 1 ■-“11 2- q /~6 X( u L ) )
2- :2i ~ \/~7 X( )
) => *- %  «-uL< /"? X^ V = ^ h ( °[)
) (k = 1, 2)
«ß> 1 \ 2 Y< '/ü X( -U]) = 2^ ( u )
' (k = 1, 2)
(ii) 1 "-^ 2 ^  C! ” l/ 3 -^( 'Uj )
1 "22 1 ^  = V^l X( U  )
(iii) 1 a lq  = !/l \(ui ) )    , , w  .
3 L 1 » 1 lu^ '/TT X( u ) = X M  -a )1 C 1 ^  = Vrf X( W ) k3 X - 1 - iV (k 1» 2)
But, clearly, LUO 1^. = 1 N( UO ) ^ = \/ 33 >  ^ (on (n .= 1,2,3),
Hence, if X( ^  ) is an arbitrary ceiling of K = Q ( V~33 ) 9 
hj\ the corresponding finite divisor,, j  a X-basis of [ Ut^] >
’ " 2 }a
such that
1
vw *.(v\ )U 1 ak
1
33 U  vf )
/* 1 \
Moreover,
(k = 1, 2)
'V V vT
(i) 1 a, L 0.k v\)
V/ MvT
. .
satisfying p / 2,3,7,11,1V (or p 19) 5
(ii) 1 N(cg 1 <  3 3 N ( U l x)
The finite set of field elements which contains the quotients 
CL
7f* (h* k = 1, 2) is,
~k
M ( VC55, .i-t-kEB , kiü , *.+. ) ,( / U  9 6 3 2 ) 3
n o tin g  th a t  a l l  th e  id e a l  c l a s s e s  i n  K a re  am biguous •
(B) K = Q ( )
2 - ~r
H ere h = 6 *f  d = -  2 .61  => (2) and (61) a r e  ra m if ie d  *,
oj = yCsT => i  n( a ) ) i 1//2 = VST .
The r e p r e s e n ta t iv e  id e a l s  i n  K a r e  g iv e n  ([1 2 ]  and [4 3 ])  a s  
( 2 ,  1 + !/~ 6 1  ) e A
(7 ,  3 + V^61 ) e AJ
(7 ,  3 -  \/-6 1  ) e AJ2 
(5 ,  2 +1/^61 ) s J
(5 ,  2 -  \Z~61 ) e J 2
(1) e J 3 = I  .
But we have seen  t h a t  a l l  q u a d ra t ic  number f i e l d s  o f  c lass-num ber 
h = 6 . a r e  c y c l ic .  I n  f a c t ,  i t  i s  n o t h a rd  to  see  t h a t
( 7 ,  3 + V^61 ) s J
(5, 2 - \ / ^ 6 1  ) e J 2
( 2 ,  i  + y ^ 6 i  ) e j 3
( 5 , 2 + \/=61  )  8
( 7 ,  3 - \ £ e i  ) e J 5
(1) e J 6 = I  
As above we have
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1 \ 5 = 1 :;k l « T > V J" . . . )) ( k = 1 ,2 )
= x( v\T~ ) V p ^ .  /  2 ,5 ,7 ,6 1 )
1 Ckü V  = 1 ”k2 V  N< X ( - ^  ^ v « r  . • ) (k  = 1 ,2 )
= X( VJ ) V P<r /  5 ,1 3 .6 1 )
75.
l a,
k3 l *r ) V J“ • ) (k = 1. 2)
r : 4( s > V^ . {  2 , 31,61 )
On the other hand,
L C1 rrk5 V = l C'kl J^N< V’15 X( Uj ) = {j 1^( 0^ ) = t  x( 5 u  )
1 :k4 l v i = 1 C;k2 ioi ^ x( q  )
'—^
 C^\]
SPii ii
1Jl >
• i ak3 H  * V j T  x( \ ) = 4( U| ) •
Cl e a r l y ,
V * __ . n ___
l  VJÜ l , ,  = 1 N( 0.5 ) «- = \/61 >  T j  (n  = 1 , 2 , 5)n
H ence, i f  \ (  ^  ) i s  an  a r b i t r a r y  c e i l in g  o f  K = Q ( / - 6 1 .)  and U(_ ^ 
th e  c o rre sp o n d in g  f i n i t e  d i v i s o r . ,  3  a h -b a s is  o f  [ <JL ] jA.
X = ( " i  ’ --2 )
such  t h a t ,
x ( y .  ) ■$. 1 \  q ,  V 's l x ( q  ) )
i _
s i X( ) X< H S ) V
(k  = 1 , 2)
M oreover,
( i )  L = \ (  J '  ) \ i  S  s a t i s f y i n g  p /  2 , 5 , 7 , 1 3 , 31, 6 1 ,
(ii) I K ( ^ ) L  61 N( Ulx) V
~'h
The f i n i t e  s e t  o f  f i e l d  e lem en ts  w hich c o n ta in s  t h e . q u o t ie n ts  .-r—* (h ,k  = 1 ,2 )
i s  M ! r r r  3 + y -6 1  2 -  \/Z ß i 1 + \ / I q i  2 + \/-6 1  3 -  l /3 s i )( \/-bl , -----7*------ , -----^ J ^ ----- , -----7*------ ) ,(
n o tin g  th a t  K i s  c y c l i c  and h i s  even#
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(C) K = Q ( V ^ f i  )
Me have h = 7 *, d = - 71 (71) is ramified % and
uu = - -+- => i n( co ) i1/2 = 3/1 .
The representative ideals (5, 1 + uO ) and (3, 2 + uO ) given by 
Sommer ([4-3]) correspond to non-reduced forms. But, by.unimodular 
transformations with matrices ( ^ J ) and ( J ^ ) , respectively, 
these non-reduced forms can be replaced by equivalent reduced ones, 
belonging to (4-, -2 + 00 ) and ( 3 , - 1 +  oO ), respectively.
Hence, the (non-equivalent) representative ideals in K are,
(2 J Kl-j ) 8 J
(4, - 2 + 200 ) 8 J
(3, - 1 + V J Ü  ) 8 J
(3» - 1.+ v _4-00 ) 8 J
q .  - 2, 'JO ) s J
(2, (L) e J®
(1) e J7 = I
Again, we have
1 3k6 = 1 "ki 1 «r 4 x( *T )
V/ (v
\( J 1- ) V/ P c - / 2, 3
1 '\5 = L c:, 1 p-k2 w q  j * )
= x( * r ) A' 2, 3, 5
1 "k4 l J" = 1 C .  1 p, ^k3 mT x( S) V /
=: x( J" ) w 2, 3
On the other hand ,
i r>k0 l-o, = ck2_ *-U; S 3 4( Uj^  ) = h) V, )
1 :'k5 1 ü»u = 1 C'k2 l//^ ~ = ^   ^ = ^ 5 ^  )
J- ckh **i7^  = 1 ^ k( ^  ) - '€ H  ) = S° 4^( ^
But, clearly l oO 1 0 = 1 N( uO = 3/T >^n (n = 1» 2» •••
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Hence, if.\( jtjI. ) is an arbitrary ceiling in K, .A, the corresponding
finite divisor, u a X.-basis of 1-\{31-1 y
• 5, = (\ ' °2 }
such that,
1
fz
K at } s< 1 a, L .k °L\< 3 \Tz \ ( U! )0 )l (k = 1, 2)
ICO
—111—i 4( ) \\ 1 Gk hr x( * ) V i
Moreover,
(i) 1 1 j. = \( J" ) \ l j -  satisfying p ^ V
(ii) 1 N(ak) 1 $ 18 N( !Jl x)
The finite set of field elements that contains the quotients 
— 1 (h, k = 1, 2) is
~'k  (  * _  * •M = ; CO , u> - 2 +ul - 1 + uj -1+00 - 2 + uj (X) )
{ 2 3 4 3 5 ~ 3  ’ 5 5 2 )
it being noted that K is cyclic and h is odd.
(d) .K = q ( \ / y n  )
Here, h = 8 •, d = - 22.7.11 => (2), (7), and (ll) are ramified } 
Oj = '/T77 => 1 N( 00 ) L1//2 = \ / ~  . Further, since the
given representative ideal (14, 7 + j/-77) corresponds to a non-reduced 
form, it is replaced by the equivalent ideal (9} 2 + 1/-77 ), the form 
belonging to which is reduced, the matrix of the transformation being
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( *? Then, the representative ideals in K are,"• *-L •
(2, 1 + \pT7 ) E A
(6, 1 + \p?7 ) 8 AJ
(Y,y^YY) e AJ2
(6, 1 -V^YY ) e AJ’
(3, 1 + \/-YY ) e J
(9, 2 +\p77 ) e j2
(3, 1 -V^YY) e j 3
(1) e
L
J '
As before, we have
l :,a l x< X( ,f- ) W4' . . . .
= X( X  ) V p ^  / 2, 3, Y, 11, 13
”k4 ^  ~ 1 :’k2 4 k( X  )
x( J" ) V p a / 2, 3? 7, 11, 13
1 Ck3 V 4 X( X  ) V! X
= H X ) V p  r- VM 7, 11
1 Ck7 V  = 1 c:k5 l x 4 X( X  ) V  X
= X( X  ) V  p \XJ / 2, 3 j 7, 11, 13
L C‘k6 h a
< k( X  ) v x
= X( X  ) V p x / 3, 7, 11
On the other hand,
1 Tel lq ^ '/3T X( Uj ) = 4  x X( V| )
1 “k4 lbp 1 "k2 * V  ^  X( Vj_) = ^  2X( UL ) = ^>4X( U L )
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1 c.k3 1(. N< |/n \ (  V j  ) = U , x( )
1 "'k7 1 ^
l ~ I
'k 6 U)
'k 5  M
l  3 L n D
^  /2 6  X( U| ) = %  M  Ul ) = 'Oj )
b 3 x( m ) = ^  \( u. )
l / p  y/> ___  j.
B u t, o b v io u s ly , L uJ L; - = L N( u )  ) i /  = { /7 7  > 'o  (n  = 1 , 2 ,  .  7 ) ,
H ence, i f  \ (  ^  ) i s  an a r b i t r a r y  c e i l in g  o f  K and U l ^ , th e  c o r re s ­
pond ing  f i n i t e  d i v i s o r ,  3  a \ r b a s i s  o f  [ U L  ] ,
( ■: ’ °2 >
such  t h a t ,
\ /~ 7 V  X( 3  } V<
1 ::k  U  i  x( u ) (k  = l ,  2)
- r f f - M  S ' ) ^ *■ \  4  *•( ) (k  = 1 , 2)
d o r th e r ,
(i) 1 =* I f  = X.( U  ) V S  s a t i s f y i n g PU 2 ,3 ,7 ,1 1 .1 3
( i i )  1 N( :fc) 1 <? W  N( X J lx )
The f i n i t e  s e t  o f  f i e l d s  e le m e n ts , c o n ta in in g  th e  q u o tie n ts  ~  (h ,k
"k
i s
> , r s 5  1 + i/-77 l + l / ^ 7 7  l/=77 1 -  1/^77 1 +  t/^77 2 +  '/C77
M = >l/- 77’ -----2-------’ ----- 6 ----- ’ 7 5 ” 6 ----- * 3 ----- ’ ------ 9-----’
1 -  V^77 )
3 ) ’
i t  b e in g  n o te d  t h a t  K i s  a b e l ia n  and  th a t  th e  group o f  id e a l  c l a s s e s  i n  
K i s  o f  th e  f o r a
. -v. r *
U l  = c ^ 2 (X)
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CHAPTER IV
REAL QUADRATIC NUMBER FIELDS
¥e now come to the consideration of approximations .over ideal bases in 
real quadratic number fields# We shall consider, first, fields of class- 
numbers h = 1 •, then, those fields of class-numbers h ^  2. The procedure
adopted here is roughly the same as the one taken in the preceding chapter J 
a general result will be obtained, to be followed by illustrative examples.
n
As we shall presently see, the field constants u  , obtained for real
quadratic number fields, are, we may say in anticipation, the same as for
,0imaginary quadratic number fields. In other words, the formula for tj  ,
obtained earlier for imaginary fields, is true for all quadratic number fields. 
We may add that the only difference existing between an imaginary field and
a.real one is to be found in the structure of the elements of the finite set
a
M, that contains the quotients (h, k = 1, 2), and in its cardinality,
as is to be expected, owing.to the fact that a real quadratic number field has
being known as the field fundamental unit.
It will be found necessary, as in the case of imaginary fields, to replace 
all those representative ideals of varipus equivalence classes, whose corres­
ponding quadratic forms are not reduced, by suitable equivalent ideals with 
corresponding reduced forms. Also, if this has to be done, we may find it 
necessary to make implicit use of the notions of strict equivalence of ideals 
and proper equivalence of forms, when, for a given real field, N( I'i ) = + 1.L
Otherwise, we shall, as a rule, take the basis of a representative ideal as
, — 2, • • •
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n o t b e in g  o rd e re d , i . e . ,  we s h a l l  c o n s id e r  o n ly  o rd in a ry  eq u iv a len c e  o f  id e a l s .
We s h a l l  n o t go in to  any d is c u s s io n ,  d e t a i l e d  o r  o th e rw is e ,  o f  b a s is  and 
v a lu a t io n s  w ith  re g a rd  to  any r e a l  f i e l d  K, a s  t h i s  has been  e x te n s iv e ly  done 
i n  th e  p re c e d in g  c h a p te rs  J th e  l i n e s  o f . i n v e s t ig a t io n  rem a in  b a s i c a l l y  th e  
same. I t  s u f f i c e s  p e rh ap s  to  r e c a l l  t h a t ,  u n l ik e  im ag in a ry , q u a d ra t ic  number 
f i e l d s ,  r e a l  f i e l d s  have two d i s t i n c t  a b s o lu te  v a lu e s ,  v i z . ,
i  £ i  (1) = i  e i
and . L U  = 1 1 .1
f o r  a l l  f i e l d  e lem en ts  g , where g , a s  u s u a l ,  d e n o te s  th e  c o n ju g a te  o f  g •
1 . F ie ld s  o f c lass-n u m b er h
As b e f o r e , _l e t  K = Q. ( \/m" ) be a r e d  q u a d ra t ic  number f i e l d  o f c l a s s -  
number h = 1 ,  w here m e Z, m > 0 ,  and m i s  sq u a re  f r e e .
L e t \J t  be  th e  f i n i t e  d iv i s o r
Ui. = n. 1"
k ' i
i n  K. S in ce  h = 1 ,  we may ta k e  f o r  some c\  ^  0 i n  K ,
o rd  r  ( c: )
UL =. ( O  = n S  J x
T hen , as b e f o r e ,
vnT
[ m x ] •
~  =  ( : : 1  ’  ” 2 '  • "  X ' V  \J  .= ( -SJ  c\  00 )
i s  a \ - b a s i s  f o r  [ \ J | y
L
Vsi *■( x  )
1 c ^ tü  i “ )
= *•( >1 )
W f-V \*J
P O ' 4- l  N( u j  ) l
(1)
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I n  o th e r  v/ords,
X ) \ / r (k 2)
By ( l )  , and m aking u se  o f  the p ro d u c t fo rm u la , we have
1 . N ( cl ) 1
A.
w hence,
1 V (1) 1 X 1 U|
(2) = U  U |( l ) ) H  U^(2)) = N(?JX) (2)
l"V> u  u  ( 2 ) )1 (2 ) H  w , ( 1 ) ) )
and 1 cl 1A. ( 2)
u  u . ( 1 ) )
1 c\ r
T hus, by ( 3 ) ,  i t  i s  seen  th a t  ^
\ (  (2)) ] 
V h.H' 1
(1)
«I( j )
( j
(3)
1 , 2 )  can be a t  most equal
to  t h a t  f i e l d  c o n s ta n t  t h a t  ap p ro x im ate s  L r:^
V \ Ü )
to  \ (  0 |  .
C onsequen tly .
1 'A 1 u , (d)
. vC  
<  o ( ~ 3 )
1/2
where d i s  th e  f i e l d  d is c r im in a n t ,  Tp, b e in g  th e  f i e l d  c o n s ta n t o b ta in e d  by 
M ahler ( [ 33])*  F u r th e r ,  a s  M ahler ( [3 3 ] )  has show n,such a  c o n s ta n t can n o t be 
l e s s  th a n  one . Hence
\ (  u i  ( j 8
1  CL 1
( j )
>y 1 ( j l .  2)
L
f o r ,  o th e rv d .se , we would have
1 d  * ( j )  = .
r  ( l,
w ith  T-) C  1» Now, by (2) ,
%0 (j) x( U ü ) )
w O j Ü )
i 1 "A 1 U| (3)
1
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C onsequen tly
w hence,
N e x t,
i  • e, ,
and
\ (
1 X l o ^
l  , x  1
1 CL a )  1K
L a, uO 1
A.
1 c^L P  L
( j  = 1» 2) ,
V  'Ui )
U
V TJ] (4)
B ut o b v io u s ly ,
H ence,
Nov/, i t  i s  n o te d  th a t
\ w  tn
F u r th e r ,
1  a  t O  i  ,  v 1  r  u o  3- 
x  x
, ( j )
u
- \ \ U )
l w
= X( Dj
V»*
>,<2>
/^
N
"cv?
V
II
: i  to l  V  m
0\ ^ 1 UJ I X( U| )
1 /2
1 N( O ) )  1 i f  i
1 N( 10 ) 11 /2  i f
= 1 ;^ l u, (1 )
= 1 N( a) ) 1 \
Ui ( j )
( j  = 1» 2)
rn "> 0
m ~  1 (nod 4) •
1 N(<jO ) L)1 1
d X w  -« (2 )
)
whence
1 1 l>( i )
and 1 L ^
'Ui
l
( 2)
1 N(iO ) 11 /2  1 N(tO ) 11 /2  \ (  U :( l ) )
1 ^  U,(2) L
I N ( l C )  11 /2  '£ 4 3 ^ 1  ■ ■ 1 N(u3 ) 11 /2  \ (  TJi v w ) .( 2)
y n l
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Now,
) i1/2 i V n > 0
so that, in order that the field constant approximating 1 lO L ,
or 1 :: 1 / .v to \( ij; be not loss than one, for all positive values
--- uof m, i.e. , for all real fields, we must have
U] (j)
L N( 10 ) ll/2 4,: -4  -  --- >
\ l  3)V
for, if
0 <  L N ( i O  ) p / 2  \( ui f jh1- LV/ 1 / . \ <•\ (7)
Q)then for some (small) m, we can make (7) small enough , noting that \( 'ji )t-
can, by definition, have arbitrary positive values, in order to obtain a field
ypconstant of the type Vo , which is less than one.
But, by (6) ,
i N(U0 )l1/2 X( ,Ul(l))___ , N(u> \ p / 2  H  %  (2))1 1 /- \ 1 > 1 l a  m  3-
1 ^  1'°L(1)
\  (2)
Consequently, we have
1 N( UO ) L1/2 4 ) ■ y = 1 V
•X^0  “ U|
01u
1 c 1 = 1 N( (.0 ) 11/2 X( -Ol ) V U( (8)
m * U L L
which is clearly a better result than (5) * in particular, when
1 00
m ~ 1 (mod 4) 0
To sum up, it suffices to combine (8) with (4) and make use of Lemma 1 
of Chapter I , in order to obtain practically the same results as in the case 
of imaginary quadratic number fields of class-number h = 1, viz,,
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Theorem l j
L e t K be  a r e a l  q u a d ra t ic  number f i e l d  o f  c lass-num ber h = 1 •, X( )
a c e i l in g  o f  K % Ui_ , th e  co rre sp o n d in g  ( p r in c ip a l )  f i n i t e  d iv i s o r .  T hen , 
3  a X -b a s is  o f  [ O i ]
« = ( q  > =2 ) = ( q » q w  ) ,
such  th a t  -for a l l  u \  an d  a l l  v,,-v , r e s p e c t i v e l y ,
1 N(uO ) L" 1 /2  X( 01 ) <  1 ck 1 «  1 N(UO) 11 /2  X (V | ) )
-  1
1 N(uO ) 1 -1- x ( x  H  1 ^  1 ^  x< x( x )
M oreover,
1 q  1 ^  = X( X  ) (k  = 1 ,  2)
I
f o r  a l l  th o s e  ^  s a t i s f y i n g  p >  1 N( w  ) 1
*  I
k = 1 ,  2
C o ro l la ry  1 5
1 N ( q )  L <  1 K( U3 ) 1 • N( U L X)
I n  p a r t i c u l a r  
1 N(cu) L 
and l  N ( q )  1 = N( q L ^
N( 'u l  p
N e x t, l e t  u s c o n s id e r  th e  q u o tie n ts
(h ,  k  = 1 ,  2)
o f  th e  X -b a s is  e le m e n ts . C le a r ly ,
( 1  ) = .(1) 5 ( lO ) , ( £ , )  ,
'ka l l  b e in g  d i f f e r e n t  from  z e r o ,  and o f  bounded norms by th e  above c G ro lla ry e
C onsequen tly
86,
"h
'k
- v\ U> M '\ n 1
vO
.b e in g  th e  fundam ental f i e l d  u n i t ,  n  a non n e g a t iv e  r a t i o n a l  in t e g e r  •
B ut ,
-  1 /2
i n ( uo) i  H x r \ ) $  1
u
! 7 V “ k ~UJ vN
1 C,k l  X!\
l 1/ 2
1 N( a> ) 11 /2  X( v ,  )■ 1 )
l  < 1 N(u> ) V ' “ X(tr, )
u L-
-X
U
V  u
and 1 c:, 1 , 0h Ci Y
H ence,
r*
l —  1 _ A , n=  1 (V |  1 , v
1  0^  1
l
i , e .
> 1 v  ^  l Uj
1 H( i o  ) 1
1 ^ 1 ,  l  N( UO ) 1
L -ft i t  ^  1 N( u) ) 1 L r ,  J-
*• n ' \ n i  1
1
l  ui l u  "Oi
l  )
1 1“  N< L N( vjO ) l  1 UO 1 )
(9)
I
T hus, th e  f i e l d  u n i t s  Y\, ' s can  be d e te rm in e d  so t h a t  th e  f i n i t e  s e t
M o f  a l l  p ro d u c ts  y^ b e lo n g  to  M, th e  id e a l s  (y .)  s ta n d in g  f o r
( l )  , ( \)0 ) and ( ~  ) ,  And, i f  we make u se  o f  p r a c t i c a l l y  th e  same co n v e n tio n a l
10
n o ta t io n  a s  i n  th e  im ag in a ry  c a s e , we may w r i te
M
IT. . T
w here >\r\ i s  a f i e l d  u n i t  s a t i s f y i n g  th e  c o n d it io n s  (9) 5 and s t a t e  
L
( n  ) 
s ^  UO <
87 ,
Theorem 14-
^  a f i n i t e  s e t  M o f  f i e l d  elem ents
M = £ VI CO ^
such  t h a t ,  i f  a = (:: , :: ) = ( c :  
‘- ' 1 2  A.
q u o tie n ts
- 1  e M ( h ,  k  = 1 ,  2)
°k
Remar las
( i )  The u n i t s  <V\ n can alw ays be so d e te rm in e d  t h a t  t h e i r  a b s o lu te  
e
v a lu e s  a r e  s u f f i c i e n t l y  c lo s e  to  th e  u p p er bounds on th e  r ig h t - h a n d  s id e  o f
( 9 ) .  C o n seq u en tly , s in c e  L \\ L _ /_ \ = i  v> 1 1 =f>
v. W
1 t  L 1 0\ = 1 >y\ 1 (  1 5 we have
l  Vi L
• 1 i  ^  (2) ^  1 W  > 1 1 Yi 1 ^  ( 2) => n  = 0 .
\s ^
T hus, ta k in g  1 f \  1 / v in to  c o n s id e r a t io n ,  we s e e  t h a t  n  i s  n e c e s s -
l 'Oj W
a r i l y  n o n -n e g a tiv e . T h is  rem ark  a lso  a p p l ie s  to  th e  c a se  h ^  2 .
( i i )  I n  w r i t in g
M = £ n  00 ^
we ta k e  i t  f o r  g ra n te d  th a t  a lw ays T^ n  s M fo r  some n  ^  0 . I n  o th e r
+ nw o rd s, b e s id e s  alw ays c o n ta in in g  -  1 ,  M may a l s o  c o n ta in  ;V| f o r  some
n  > 0 . F u r th e r ,  i t  shou ld  be n o te d  t h a t  th e  u n i t  f a c t o r s  V\ n  o f tuQ and
L
JL a re  n o t ,  i n  g e n e r a l ,  n e c e s s a r i ly  th e  same f o r  s u i t a b l e  n . T h u s, i t  i s
Gü
seen  th a t  th e  s e t  M w r i t t e n  i n  t h i s  way may n o t b e  th e  s m a l le s t ,  though i t  
i t  i s  f i n i t e  and r e l a t i v e l y  s m a ll .  I f  enough c a r e  i s  ta k e n  when w r i t in g
\
CO ) i s  a \ ~ b a s i s , th e n  th e
88 .
down th e  s e t  M i n  f u l l  f o r  any in d iv id u a l  f i e l d ,  th e n  we may o b ta in  th e  
s m a l le s t  s e t  M f o r  th e  f i e l d  in  q u e s tio n .  A g ain , th e s e  rem arks a p p ly  to  th e  
c a se  h ^  2 ,
2« I l l u s t r a t i v e  exam ples
C A )  K  =  Q, (VT )
H ere , UO
y\
t
•yr => a = 23 =
1 + \pT => N( Tj )
(p) r a m if ie s  <=f> p = 2 ^
- 1 .
F u r th e r ,
( f ) = ( - )
( + 1 
=(
c= p
p p ( - 1 \= p
( + 1 \   r  -  1 (mod 8) <=> (p) s p l i t s
( -  1 <= p -  -  3 (pod  8) /=  > (p) i s  i n e r t i a l .
N e x t, f o r  a l l  f i n i t e  d iv is o r s  UK i n  K,
i  'x '
U) T T  f  ' * 1
we have
Ul. x ~  (1) A  ö i ( \ >\V ~ 2 ) = (C j , =2 )
H ence,
I cl, 1 r = 1  * X( vvT ) ) ) V  * r
1 e 1 <v ^
2 x( ) )
,X( ,4V ) f o r  a l l  S  s a t i s f y i n g  p ^  ^  3
On th e  o th e r  hand ,
b. l »>i =1  & ,  l . , w  =  k (  U] )
L CL2 ^ u
Vvr ) .
_  . u ) *> 1 \  \ / r  \( ih ) Vxjz•
' /2 ^  \)| ) Vvi ) L u
L O-
89.
Consequently, if (J* is a finite divisor in K , corresponding to an arbitrary 
ceiling \( ), a \~basis of [ \JC exists, such that
Hvj) ^  = i  ^/r \( U| ) Vui )
V 2 l L L
with
Now,
) « 1 *k
1— *-■> ll X( vT )
:k} 1 s< 2 N( \
( —
k
) = (1)
V x
>4'
1
1/2"
(k = 1, 2)
whence
where
1 I
'! Yj IT) l" , n'in :/T 1,„ 5 i f\ n 1l / r
\ 1 + / 2 a. is the. fundamental unit and n, a non-negative
integer. Since 1 ■—  1 2 , we have—, inK L
1 T  V  2 ^  n ,
1 \  2 1  V~2 1 Oj
=>
i q iv„ (2i/2 i
Cl
=N n
=> n .
0. => H\l
0, 1 =>
i i
l
i i V i d  + /  z )
Hence, the finite set of fieldt elements ,
m  = n  i. i / i  , -i  y =  , : ( i  + / T )
r *  )
or, in our adopted notation ,
( v , n >rr )K £ t\ /2 j (n. = 0, 1. > M 1 + V~2 )
contains the quotients (h, k = 1, 2)
9
(B) K
90.
UJ
o. ( / I  )
i  + '7 r
2
•T] => d = 5 and N( Y\ ) -  1
H ence, (p) r a m if ie s  <=> p = 5 s
and ( “  ) -  ( ^  ) = ( + 1 <= p =£ i  1 (mod 5) <=> (p) s p l i t s
( -  1 C= P 2 (mod 5) <=^> (p) i s  i n e r t i a l .
Now, i f  i s  a f i n i t e  d iv i s o r  i n  E ,
u i n ^- r
th e n  l 3 l  . = (c  ? \  eO
A. A. A.
) = ( q  > )
C le a r ly ,
1 ck  l *f = x < J *  ) V v T )
1 "k  l U^ = X( P ,  > H
) ( k  = 1 ,  2) 
)
C o n seq u en tly , i f  V I  i s  a f i n i t e  d iv i s o r  i n
A. ‘
K, and \ (  U , ) th e
co rre sp o n d in g  c e i l i n g ,  a \ - b a s i s  ojr [ m x ] e x i s t s , such t h a t
1 “k  ^  “  Xl- Pr  ) V £V  ( k  = 1 ,  2)
F u rth  e r ,
L S ^ U  = N ( V \ X)
1 N< 0  l p = N(
-1
( j P)
Qbvicpusly, ev e ry  c e i l in g  i n  K i s  p r in c i p a l .
(k  = 1 ,  2)
N e x t, 
H ence,
( r  ) 5 W i ( u? ) >
■ * k
( Go )
c-,
i —
:‘k bl
L
~V\
n + 1 . „ n  - 1
LUO 1 LoQL
b  i
U u
u n i t .  As l  a l  =
■ n in
l " k 1
have n  = 0 ,  n  = - 1 and
L
n  = 1 ,  r e s p e c t iv e l y  .
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Thus, the finite set of field elements ,
M = £ tO j
c.
contains the quotients (h, k = 1, 2), it being noted that M
is, in fact, a (finite) subset of the (infinite) set of all field units* 
(C) K = Q (, )
vJO = => d = 23.2  ^ => (p) ramifies <(=)> p = 2*, 23 •
N( ) = + 1. VTl = 24-335 + 3588 \/k6 - \
As above, we have, for any finite diyisor 7Ju in K,A
= (y » y to ) = (q , «2 ) 
vdth 1 ,'k 1 .< X( jj' ) V /"
O'
and . 1 ak 1 <  /46 \( Ij, )
\( vT ) for all v\J satisfying p / 2^  23 ,v\J
V 011
Hence, if \( ) is an arbitrary ceiling of .K, 0 l^ the corresponding
finite divisor , 3  a h-basis .of [ X ? i. ] 9K
such that
("1 ’ '2 -1
~  \( ) 4 1 r.fc lu r^ 1/^ 6 X( )
“f e x( ^  ) * 1 A V4 x( ^  }
V H  >
V r  ]
) (k = 1.2)
Moreover,
(i) 1 c;k 1X  = \( f  )
for all satisfying p p- / 2 > 23
(ii) l N(cik ) l <  4« »( 01 x)
92
And, w ith
1 —  l .„
ck i
= L
_n 
\ l Vfl *, i - ^ n4
5 1 V\ n - i .  1
/Te
o 46 ,
i * e . , w ith
1 1 1 « i v<
46 =i> n = 0 => \  =
1 1
11
46 1 —
/46 N =>
n = 0 => k  = ;  i
i «  a
L H
46 i  Jk
H =>
n = 0 = > V ) =
' l
-  i ,
we s e e  t h a t  th e  f i n i t e  s e t  o f  f i e l d  e le m e n ts , which c o n ta in s  th e
q u o tie n ts  ~~  ( h ,  k = 1 ,  2) i s  g iv e n  by
:k
M = £ UÜ I
3« F ie ld s  o f c lass-n u m b er h  ^  2
I f .  K = Q ( \Z n“ ) i s  a  r e a l  q u a d ra t ic  number f i e l d  o f  c lass-num ber
h = 2 , and u t  » * th e  f i n i t e  d iv i s o r
\
. 1 -
V i = n vi v"
( i ) e i t h e r n o ( l )  , and t h e . r e s u l t s  o b ta in e d  in § 1 a p p ly
( i i ) o r r u ( p , .  a  + u )  ) 9
i . e * = (pY, (a  f  OJ )y) . .
I n  o th e r  w ords, when 'Ui» f J  ( p , a + UO ) j  we have
A.
N( XJu x ) = 1 p 1 1 N(y) I
i  k(y) l = ^  x( v , (l)) x( uj (2))or (10)
93
On th e  o th e r  h and , a s  in  th e  im ag in a ry  case
^  = c:2 )• = (PY j . ( a + OO ) y)
i s  a X -b a s is  f o r  [ U t ] •, an d ,A.
1 V  1 f  ^  ^  /■" ) ^ic wj W
= \ (  vvT” ) f o r  a l l  J  s a t i s f y i n g  p *
■where p± e l J  ( ! P I ü  } Pu 1 Ü ] Pt  ) )
u , t   ^ ' ' ' ' '
w ith  ( 1 p 1 = norm o f  th e  r e p r e s e n ta t iv e  id e a l  o f  th e  n o n -p r in c ip a l
e q u iv a le n c e  c l a s s .
1 N( vjo ) 1
. (
F u r th e r ,
(
( p„
( u  '
( pt  J L N( a  + UJ ) I.
1 1  l ü | (1) 1 1
u Vi
( 2 )
p L N(y) 1
i  p i  x( toi x( m by (io) •
L
Hence
L I
1 V; «
and L 1
0
i <2>
1 /2  X( ° l
l  p 1 , * ,
1  -aL( 2 )
1/2 \( % ( 2 ) )
1 p 1 . *
t
1/2
I  p 1 \ (  1>, ^ ' )
L
( i )
1 /2
( 2)
1 c~ i 
1 1  1
\ 0 )
1 p 1 X( Li) V ')
L
1 /2S in c e  l  p 1 ' i s  r e l a t i v e l y  s m a l l ,  i t  i s  e a s i l y  seen  th a t  th e  same argum ent
a s  th e  one u sed  i n  0 1 o f  t h i s  c h a p te r  f o r  f i e l d s  o f  c l a s s  number h = 1
a p p l ie s  h e r e ,  g iv in g  / . \
1 /2  \ (  U j )
= 1 (d = 1> 2) ,1 p 1
1 C1 1 ( j )
i . c . ■ & ,L c 1
1 V)
i i 1/ 21 p t
UL 
U  v  ) V0| ( i i )
9^ '
Next,
2 (1) 1 * 1 (2)
u
l N( a + 10 ) 1 I N(y ) 1 
1 -1- 1 H  O) (1 )^ \( n (2)) by (10)IP v^ -
whence ,
i * i2
1/2 (2) 1/2
VI (!)
L
(1)M V lil x( v -)}
p , , p Ll "2l xj,(2)
and 1 C2 1 ^ (2)
t N(a 4- lQ ) JL1/2 X( N(a + lO ) ^  ^  (2)y>
, Ä 1 -L L a)
Then, as before, we obtain that, for all real fields of class-number h
1/2 x( ,
2,
jL N( a + W  )
P - & -
1 C2 1 y, (3)u
(j 1» 2)
„ Jfir _
1 2 1 O,
1 H(a + 00 ) t 
' P
1/2
x( Ü|__ ) V  Oj (12) .
Since the form f =. f(x, y) belonging to [ \J\_ ] is always chosen in such aA.
way as to be reduced, we have, as in the imaginary case
, N(a + oO )l p 1 ^ 1 < 1 N( U) )1
Hence, it becomes clear that the results obtained earlier in Chapter II, 
and contained in Theorem 7 and Corollary 7, together with those in Theorem 9 
and Corollary 9? are valid for all quadratic number fields of class-number 
h = 2. However, it should be noted that it is necessary to replace 1 \j0 1
1/2obtained-there by N( 'D ) 7 in order that our assertion be true.
Further, if we note that the basis structure of the representative ideals
U)l
of various equivalence classes is the same for all quadratic number fields,
95,
we see at once that the results obtained in Theorem 11 and Corollary 11 of 
Chapter III hold for all;quadratic number fields, irrespective of their' class- 
numbers, In other words, for all quadratic number fields, the field constant 
that approximates L 1 ^  to \( Uj ) , \ i  , is given by
= 1 N( 0) li/2
c. (k = 1,2) being X-basis elements for [ Ub, ]K
Finally it is easy to see that the field elements of the finite set M,
C* r*
which contains the quotients w'h (h, k = 1, 2) , are, notationwise, the same,
n c'kexcept for unit factors ''O as far as the real fields are concerned, it beingb
noted have their absolute values bounded above. It is also clear that the
cardinality of the set M in the imaginary case is less than or equal to that of 
M in the real case.
4, Illustrative examples
(A) K = Q ( /6 5 ) (h = 2)
Here, bü -> (
( d = 5,13 =\ (p) ramifies <f=3> p = 5 > 13
 2 ( 1 M( U) ) 1 = A
M = 7 + 2  'JO => N( ) = - 1 .
b L
The npn-principal representative ideal is given ([13]) ns (5, 2 + bO ), 
which, however, corresponds to .a non-reduced form
f = [ 5, 5» - 2 ] '
9 6 .
0 1
By means o f  a u n in o d n la r  tr a n s fo rm a tio n  w ith  m a tr ix  ( ^ ^  ) we th e n
red u ce  f  to  an  e q u iv a le n t form*
g = [ - 2 ,  - 1 , 8  ]
b e lo n g in g  to  th e  id e a l  ( - 2 , - 1 + v j O  ) r \ j  (5 > 2 +.  CO ) .
= 2, i f U \,. i sX
a f i n i t e d iv i s o r i n  K, we have
e i t h e r U X ( i )  .
o r *\n_ x ! '
( -  2 ,  - 1 + CÜ ) •
The r e s u l t s  o f th e  p re c e d in g  s e c t io n t t a k in g  c a re  o f  th e  case  LTi^  rxO ( l )  } 
we a r e  l e f t  w ith
a x r o ( - 2 , -  1 + eO ) 9
i  • e» lA X = ( - 2r>. ( -- 1 + CO ) y ) =
/.,*  *  X 'l  » - 2 ) .
Now,
i
& ,
Ck L x( x ) V V\l
= H X ) f o r a l l  J s a t i s f y i n g  p «»*’ v\) ^  3
n o tin g th a t l  N( - i  + uj> )» (i *
v
= L N( u>  ) » •
On th e  o th e r  hand ,
1 r* L0 . = \/~2  \(-q )
and 1 c * L  = 2 /2  \ (  Ijn ) V uj .
H ence,
L •“  l  4  2 fzX( XX ) (k  = 1 ,  2)
i- 2 ^ 1 / 2
S in ce  o b v io u s ly  z /2 ~  <(” 2 = L N( UO ) I  , we s e e  t h a t  f o r  an
a r b i t r a r y  c e i l in g  \ (  juj  ^ ) o f  K and th e  c o rre sp o n d in g  f i n i t e  d iv i s o r
XJl , 3  a X -b a s is  f o r  [ \7 l  ] ,  such  th a t
I  x (  u ]  )  <  i  =k  i V| < ' 4  x (  v i  )  V / u  )
,  L . .  (k  = 1 .  2)
~  x (  £K  l  s k  i  j, ^  x (  ^  ) \ j  j -  j
w ith
1 ?‘k ~ ^  ) v P 5 •
The norms o f  th e  b a s i s  e lem en ts  s a t i s f y  
L N(ak ) 1 <  16 N( O l  y) •
N e x t, l e t  u s  c o n s id e r  th e  q u o tie n ts  ( h ,  k = 1 ,  2) •
'k
Yfe have
( i )  l \ \  = 1 i i \  ’ 1 \  1 1 " 1 i i i
f o r  Ul ^ r \ j  ( l )
(Ü)
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where. 
Hence,
1
1
L
i  —  i
ck \
= 1  ^  1 . 2  • J. Y] 2  (  ~ r  ^  )  I Jlt%
1 T r frw j) \  < 8
\\ = 7 + 2^0 = 8 + 1/65 i s  the  f i e l d  fundam ental u n i t .
^  1 * < 16 •, 8 => n.
Y\ '■ 16
\  S '  < “ I
1 + i/65
-  4
- i  m/ W
0 ( i  = 1 , 2) => {] = i  1
=> n ^  = 0 ( i  = 1 , 2)  => \
l
1 +1u )
9a
( L '1 C  <( L no
( 1 r. 1
11 - / 6 5
' I O
u 8
-1 r -  UL
9 # -
« L
=> n^ = 0 , 1
=> n — C 
2
C o n seq u en tly , th e  f i n i t e  s e t  M o f  f i e l d  elem en ts , 
M = I( + + / 1 + ] / 0 5 \  + / -1  + \/65  n + / 2 x
+ (8 + !/6 5 )(
1 + >/65
)
= V  = 1 1 ,  1 (8 + V/65 ) 
=> V', = i i
)
)
+ 1/65
5
M = j ^  U> , n2 ( -  ) j ( ^  = 0 ,1  i  n2 = 0 )
c o n ta in s  th e  q u o tie n ts  —-  (h ,  k = 1 ,  2) •
ak
(B) K = Q ( l/79 ) (h = 3)
( d = 79* 22 (p ) r a m if ie s  <=_> p = 79
10 = i/79 => (
( 1 N( UO ) 1 = 7 9
= 80 + 9 1/97 . => N( v( ) = + 1 .
The f i e l d  i s  c y c l ic  •, and the r e p r e s e n ta t iv e  i d e a l s  i n  K a r e ,
( 3 , 1 + i/V9 )  e J
( 3 , 1 -  /7 9  ) e J 2
(1) e J 3 = I
jfe1Nov/, i f  we om it t h a t  f i n i t e  d iv i s o r  U|_ . c o rre sp o n d in g  to  th eA.
p r in c i p a l  id e a l  c l a s s ,  we a r e  l e f t  w ith  th e  f i n i t e  d iv i s o r s  ÜL^  (n  = 1 ,2 )  
whose X -bases a re
i  = ( d l  '  C21
~2 = ^“l 2  ’
, r e s p e c t iv e l y  •
2 -S in ce  J  = J  , we need to  c o n s id e r ,  s a y ,  a lo n e .
As above, we have
( i )  L c: cs \ (  v f  ) V v T  (k  = 1# 2)
= vT  ) f ° r  a l l  vf" s a t i s f y i n g  p /  2*, 3* 1 3
99.
(x i)  l  CL L = / T  x( Ü] ) )
11 i  L ) => 1
1 a21 1 = /2 6  k( U| ) )
1 /2
O b v io u s ly , / S T  <  \ p l j  = l  N( oO ) 1
"kl "^U /  / 2 6  X( I j ) 
c
V i vi
H ence, i f  \ (  ) i s  a n . a r b i t r a r y  c e i l i n g  o f  K , Ü L ^ th e
c o rre sp o n d in g  f i n i t e  d iv i s o r  , . 3  a X -b as is  o f [ W  j
C. = (c^ , =2 )
su ch  th a t
— = k (  V  ) -$ l  s. l , h « \ / 7 S  X( V) ) VvI )
\J79  u K u u )
) (k = 1 ,  2)
k( , /  ) -Z l  l  _y /  k ( ) V  J '  j
w ith
(a ) L a, 1 ... = \ (  vT ) fo r  a l l  p ^ 2> 3> 13* ?9
A/ VO
(b) 1 N(c.k) l   ^ 7? N( 111 J .
F u r th e r ,
1 Ji
\ lul = 1 \
i h
H *, 1 w 1^ •>
3  1
l Uj T
^ 79 f o r r o (1)
"k
= 1 'f £
L
* 1 n2
\
( ) 
K 3 1 S ’i.
1 2 ( 7 7 / f f  ) f o r  U K ~  1 + /7 9  )
(11)
(iü) i ^  = 1 \  s 5 * 1 \ 3 ( }  \  *’ 1 \ 3 i.)4fliK ^
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><C 26 for tJlx rv_/ (3» 1 ** /79~ )
Hence ,
79 *, 26 => n. = 0 (i = 1> 2, 3) => a i l
A1 «M 1^ N< 79 1
° U 
n2
I W ^ 26 L
}T79 'i
1 l 3 26 L
,—  ) =\ n. = 0 (i = 1 ,2,3) ^  = — 1i + i/rö t  ) ' i I
1 - / 7 9
a, ___
l V\ I./ ^ 79 1/79 1
l i. 1  *
l <\ l i  ( 26
t “I
i i ± f Z l  i 
3 H
n  C 5 < - ‘V ®  ■>
= 0,1 => ^  = - 1> - (80 + 9/79 ) 
=> n = 0 = n => V, = - 1
\  ' “ 5 °l
Thus, the finite set of field elements ,
( ; ' i Ä i (iA/Ü), i (i-^51), i rl- >+-( - ±, - v \ 3 ' ’ ' 3 1/79 (8 + $/79) i/79
1 ( — —  ), i (--=r ; )1 + /79 1 -1/79 ')
or M I 1 (i = 1,2,( 3) * 
”1 = 1}*
contains tte quotients — - (h, k = 1, 2).
'V
(C) IC = Q ( j/~82 ) (h  = 4)
t_i> = /§2~" => ( d = 2 .41 => (p) r a t i f i e s  P=> p = 2 > 41 
( N( vJO ) = 82
Y| = 9 + /8 2  => H( «ft ) .= -  1 .
The f i e l d  i s  c y c l ic .  However, th e  g iv e n  r e p r e s e n ta t iv e  id e a l
( 3 , 2 + 1/82 )
c o rre sp o n d s  to  a n o n -red u ced  form . C o n seq u en tly , i t  i s  re p la c e d  by 
th e  e q u iv a le n t  id e a l  (3 ,  -  1 + i/82 ) , th e  form  b e lo n g in g  to  w hich i s  
re d u c e d , th e  m a tr ix  o f  th e  t r a n s fo rm a tio n  b e in g  ( ^ ^ ) •  The
r e p r e s e n ta t iv e  id e a l s  in  K a re  th e n
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( 3 , -  1 + \/B2 ) e J
(2 , V ®  ) 6 J 2
(3> - 1 - / 8 2 ) e J 3
(1) e J 4  =: I
And we have
1 a Ik l |V  • - 1 \ 3 V  4 X( )
V mT (k = 1 J 2)
= X( o t ) * 5
1 a, 1 k2 <$■ $ x (  wT )
J 1 . (k = 1> 2)
= . X( J '  ) V P (N. /w)
2*, 41 •
On th e o th e r hand 9 ✓ )
1 CLk l 1 \  = 1 \ 3
D ß  x ( u i_ ) = ' ' ( S p c
V
V
__  n  > \\XA
1 Ck2 l l>l3 ) = t S  2X( ^  • • ) 1
L K ( l ' )  11//2 = /8 2  >X on (n = 1,  2, 3)B u t, o b v io u s ly
102.
H ence, i f  X( ) i s  an  a r b i t r a r y  c e i l in g  o f  K, and 'CL^ th e
correspond ing  f i n i t e  d iv is o r  , j z \  a X -basis o f [ lA .  ] >
Cl s s ( \  > o2 )
such th a t
1 k( "0L ) s< 1 ' k y <  i/82  x( ) v ^ )
v ^ r
1
■Ü2 x( ) «  1 ak 1 ^  «  X(  ^  ) \ l vJvj
v d th
(a ) 1 c-k V = X ( S  )  V p j .  /  2? 3» ^1
• (b ) 1 N(afc) 1 82 N( U L .)
N ex t,
c4
( i )  1 - 4
"k
1 = 1
wiL
«  A
L vl
1•, i  V\ 1 1/82 I •, 1 V\ x —
l  Y \  L 1/82
^  82 fo r  U l ^ ( l )  . 9
(k = 1 ,  2)
<u> *Vn 5 > \  * 1 V jrd ?  \
4  27
n
( i i i )  1 - 1  = 1L *\ 1 ?
\  ^  1 h* U << 4 l
f o r  131^ r> o  . ( 3 ,  -1  + /Ö 2 )
3 / H  t  • I n  ^ —£-1
^  ( 2 U|  "  M « -  ^Ul
f o r  rv^> ( 2 , /& 2  ) ^ /8 2
( iv )  L 1 = 1 ^ 1
**k L 1
4
nL
< ;  27
u  ”
5 i  n^ ( ^ l 'll  •  1 ^  4 (  ------------------------~5 v-  -1  -  /8 2
3
) l
f o r  U > ( 3 , -  i  -  i/82 ) .
H ence, H  l . /  ^  8 2 - ,  41-, 27 => n± = 0 ( i = l , 2 , 3 , 4 )  =v V| = t  1
L UL t
110 3*
i  -<L 1 ^  4  82 l
■/sT
3
oi
1 T| l x; <  27 1 _  .
 ^ u -1  + /82  l L- ) =£> n . = 0 ( i  = 1 , 2 ,3 A ) => Y\ -  -  1
n
L v\ 1 3 < 41 L
t \f~82 \  )
n, x )
i  n i  ki  27 i  l .  )
1 1  -1  -  i/82  )
A( 11; « 82 l  i/82 1 => = 0,2 => T( = 1 1, ± (9 + j/§2 )'
1 =>n2 = o,X i> f| = i  1 , (9 + i/82 )
0,1 i ,  V, = 1 1 ,  1 (9 + i/82 )
I  '1 JL,„ 4 27I *"U'tn
_ 3
3 ,< 41 1 1/82 1 => n
l \ 1 -* - ~ ^  -« l '  --3
%
1
1 >1 1,7 /  27 1 "-1. ■■: =>n4 = 0,1 V'. = i  1, i  (9 + j/S2 )
o r  M
l ~  '  3 ' 4 - L
C o n seq u en tly , th e  f i n i t e  s e t  o f  f i e l d  e le m e n ts ,
( + , + . * ? *  + ,  - 1  + \ /& 2  v + i/82 + ,-l -  1/82 s + ,_1 .( _ 1 ,  _ / 8 2  , -  ( . - y - -  - J t —  ,
i  ( 9 + / 8 2 ) 2 -= :  , 1  ( — ^—  ) ,  -  (9+1/52 )(■■- * - -  ) ,
/ S T  -1  +  /8 2  -1  + |/§2
i  4 ; , i  (9 + / 3 1 ) = =  . ±  (9 + i / 82) ( — i — ) j
/ 8F  / s T  - 1 - / 8 2  -1 -  1/82 ;
j • v / v ' S i , y/  ( - i ^ l ),  / 3  m  , y/  ( ) )
(n  ^ = 0 ( i  = 1 , 2 , 3 ,4) ®, n^  = 2 •, = 1 (j  = 2,3,4) ,
:‘hc o n ta in s  th e  q u o tie n ts ( h , k  = 1 ,  2) •
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Coming to  th e  c o n c lu s io n  o f  our in v e s t i g a t io n ,  we n o te  t h a t  th e  d i s t i n c t i o n  
we had to  make a t  th e  s t a r t ,  betw een im ag in a ry  and r e a l  q u a d ra t ic  number f i e l d s ,  
now a p p e a rs  to  be u n n e c e ssa ry , a t  l e a s t  a s  f a r  a s  th e  f i e l d  c o n s ta n ts  \ o  a re  
con ce rn ed . The f a c t  t h a t
KJp 1 /2
\D = 1 N( \V  ) 1
f o r  b o th  ty p e s  o f  f i e l d ,  may l i e  i n  th e  fo rm u lae  o b ta in e d  by M ahler ( [ 33 ]) f o r  
q u a d ra t ic  number f i e l d s ,  v i s . ,
li 11 /2
. \L‘ / 2d \ l / 2
and = (“ 3 )
w here i t  s u f f i c e s  p e rh ap s  to  n o te  t h a t
m a t te r s ,  w hich i s
i f  K = Q ( \/n  ) i s  im ag in ary  
i f  K i s  r e a l  ,
o n ly  th e  f i e l d  d is c r im in a n t d r e a l l y
d = 4m i f  m 1 (mod 4) ,
o r  d  = m i f  m ~  1 ( mod 4) ,
f o r  a l l  q u a d ra t ic  number f i e l d s  •, and t h a t  th e  f i e l d . u n i t s ,  w hich c o n s t i t u t e  
th e  m ain  d i f f e r e n c e  betw een  im ag inary  and  r e a l  f i e l d s ,  do n o t come in t o  p la y  
h e re .
I n  a s e n s e ,  th e  r e s u l t s  o b ta in e d  f o r .  'io i n  th e  r e a l  c a se  a re  f a r  b e t t e r  
th a n  th o se  o b ta in e d  i n  th e  im ag in a ry  c a s e , d e s p i t e  th e  f a c t  t h a t  a r e a l  q u a d ra t ic
number f i e l d  has two d i s t i n c t . i n f i n i t e  v a lu a t io n s .  I t  i s  p e rh a p s  o f  . i n t e r e s t  to
kO  &
n o te  t h a t ,  j u s t  a s  M ahler d id ,  we o b ta in e d  th e  same Tf) . ( s e e  [33], C o ro lla ry
to  Theorem 1) f o r  b o th  ty p e s  o f q u a d ra t ic  number f i e l d s  m9 and f u r t h e r ,  t h a t  
most r e a l  f i e l d s  a re  o f  c la ss-n u m b er h = 1 o r  h = 2 .
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APPENDIX
TABLE OF FIELD CONSTANTS
The fo llo w in g  tw o -p a rt ta b le  i s  based  on Som m er's ( See [ 12] and [4 3 ])»  
p i t h  th e  f i e l d s  r e - a r r a n g e d  in  th e  o r d e r .o f  t h e i r  r e s p e c t iv e  c la ss -n u m b e rs .
The l e t t e r s  m, go > uo , , [ 17] ] ,  , M , . . a e t c . ,  have t h e i r  u su a l
m eanings.
Those r e p r e s e n ta t iv e  id e a ls  g iv e n  by Sommer, w h ich  have co rresp o n d in g  
n o n -red u ced  b in a ry  q u a d ra t ic  fo rm s, have been  re p la c e d  by e q u iv a le n t o n e s ,  th e  
red u ce d  form s b e lo n g in g  to  w hich have been  o b ta in e d  by means o f  s u i t a b le  
un im o d u la r t r a n s fo rm a tio n s .
I n  P a r t  A , th e  f i e l d s  Q( / - 6 1  ) o f  c la ss-n u m b e r _ h = 6 and Q ( j / -7 4  ) 
o f  c la ss-n u m b e r h = 1 0 , l i s t e d  by Sommer a s  a b e l ia n ,  have had t h e i r  r e p re s e n ­
t a t i v e  i d e a l s  r e -a r ra n g e d  i n  such  a way a s  to  ap p ea r to  be  c y c l ic  f i e l d s .
I n  b o th  F a r t s  A arid B, t h e . f i n i t e  s e t s  M o f  f i e l d  e lem en ts , t h a t  c o n ta in
th e  q u o t ie n ts  —  ( h , k  = 1 , 2 ) ,  a r e  l i s t e d  i n  s t r i c t  acco rdance  w ith  th e
Gk
a d o p te d  c o n v e n tio n a l n o ta t io n .  S p e c ia l  c a r e ,  how ever, sho u ld  be ta k e n  i n  w r it in g  
down th e  s e t  M i n  f u l l ,  i n  th e  r e a l  case« . P er exam ple, f o r  K = Q ( / 5I  ) . 
M = I \/5 1  , 4  2 '/b l   ^ (n^ = 0 ,1  •, n 2 = O ), n o ta tio n w is e
3 .
[ 1 1, 1 , 1 - L  , t  (50 + 7^51 ) , t  - 4  5 m5 /u  1/51 i/jr ‘
w hereas  fo r  K = Q ( :./&3 ) ,
n 2 )( h  ( w  , \  * (-3 ) j ^ 1 % n 0 = 0 ) , n o ta tio n w is e
i n  f u l l .
{ - 1, - ( ) ,  i w  , i  ) , t  i  , i  ( i  , i  ( -g )j
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(A) IMAGINARY FIELDS
I. FIELDS OF OASS-NUMBERS h =_1 ( L m 1 x< 16 3)
m 1UO
1 a !
[UU]
a -
. . .  . . . .
la, 1 .  = X( Jtk isl
(k = 1,2)
.
)| M
i______1
1
\/=i 1
1- ■ M
(V Y '/ _ 1 ) I 1
____ . .
v' V h !
1______i
!- 2 ^  !_ F  ! 
!
1 i/r \i ^  >/ 3M l
I______ 1
, - 3
1 1
2 i
_ _ _ _ _ _ _ _  - ,
~T
- 3 !
... .. _ 1
(•vV° } 1 1 \jV ( ! )! i < ) 1
i
i- 7 1 + p 7  
2
1
- * !
i
< Y \ W  } 1
i/r V p  ^> 3
VAj
. . . . . . .
! H  
: ( }
1
!- 11
1I
1 + i/Cn
2
■ 1
-11 :
:
(cx,cx a) ) ' II VT V V  * 3 !  ^ }
19 i • -19 I ) i ' 1/5- V p a ^ 5 (tü) (10)
- 4 3
. . . ..
1 + > / 3 31
9 J+3
------:------- 1---------1----------
( \ ’Y  ) ; i | ^ r
—
V p /  i :l
v H
- 6 7
. . .
1 +I/C67 
2
- - -
■ -67 ( \ . s  u) ) ! i 1 /17
.. ........... I ! _____
V /  17
.........
H
-163 1 + I/-I63 2 —16 3
!
) I i j(/5a
i
, J
t/ p /  41 
w
(,0 )(LO)
. . . .  _ J
11 FIELDS OF CLA SS-MMBERS h = 2 ( 1 m 1 <  100 )
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»  I CO j d  j [ u g  ■ 0 }  !
• ■ i _ _ _ _ _ _ _  _  _  i _ _ _ _ _ _ _ _  t
i ° k V  = x ^ >  ; M i
( k  = 1 , 2 ) I '
! : i ! 2 ! | S
-  5 y ^ ~ 5  - 2 2e5 : ( V V 5 } | A = 1 ! / t  j v  P j >  7
i i ( 2 y j  ( 1 + uj) y ) i A ij ; # i i
.
•  6  k - - 2 3. 3  ( w u )  : a 2  = i  ! / 6 - ! v b „ > 5  !
1 I ' ; VC 1
1 : ( 2y j  ^  y ) a
j ! i
p ,  & )  .
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ i
- 1 0  l / - 1 0  - 2 I 5 i ) : a 2  = I  ! / 1 0
( 2y  j Co  y  ) i A
j . . . . . .  .j . . . .  j .......................... . | . .............. j .............
V P , , . / «
!
' , . - . . . . . . . . . . . .  . 1
- 1 3  \ \ p i j , - 2 2 . i 3 ) . A = 1 / r r
( 2y ,  ( 1+U.')y ) A
V P w v /2,V ,1 3  ^ ~ 1 3  r
J _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ i
_ 1 5  ( V \ W )  h 2  =  I  '  p
i ( 2y ? y ) ; A
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ i_ _ _ _ _ • _
1
V  P 3
VO
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ j
(  M  ’  1  i
1 '  ;  i  -  (ci , c ;  u o  ) A 2  = I
| - 2 2  \ / - 2 2  - 2 3 .1 1  1 X  X  |  V z T  V p r v / 2 ,1 1
i i ( 2 y >  vo y )  a  j  ;  x
^ / - 2 2 , j
i 2 ; •
i i  \  i— rrr j ! ( Ct.  ^C U) )  A =  I  • i w  f . i » \
- 3 5  , i ± E E ! :  - 5 . 7  ; '  X  X  : 3 ^ > . 5  W  , f
2  : 1 <3r» u> Y) A j ; "1 p  3  ;
; 9 1 (  \  &  ) A2 = I  ____
- 3 7  j \ / ~ y f  - 2 2 . 3 7 !  X  *  ; / l ?
( 2y , ( 1 + w ) y ) i A
| Y P j . / 2 , « , 3 7 g , y p )
-  , - ( CL ,  CL u. 3 )  A =  I  .
- 5 1  M l ä  - ~ . i v  '• x  | 0 T ! V p  /  2 , 3 , 5 ,
2  | ( 3 y , ( i + o j ) y ) ! a  , j 1 3
i j  i  : ! .  .  j _ _ _ _  .  _ _ _ _ _ _ _
j w ,  i p j
r  \  1j _  ( CL .  CL OÜ )  j .  2  _  I
- 5 8  ' y C p  i - 2 3 . 2 9 : X* : A =  I  j j V  p  /  2 , 2 9
( 2 y .- r )  g  j !
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I in
i « i * |
i i
.............  j
l u O  ! 0 1
; 6
_____ _ . .  . j
.. ——1 - -— ■
: V D  j i . y . . - = ' X ( .
( k  = 1 , 2 )
1
v ) l  M
' - 9 1 ^ 1 - 7 . 1 3 ! ( W - 0   ^ 1 a 2  = 
1 A
v P /  2 , 5 , i ( . . ,  1 + ^  )
! ( Uj  ’ 5 )
L ..........................j 1 ; ( 5 y > ( 1 + ^  ) y ) | 1 23
m  FIELDS OF CLASS-MJMBERS h = 5 ( l  m 1 < 100)
\ "1 .........
Ü J a [ , J H ]  1 C i
I
1 " b
1  J " ' )
! j
M
I
j ! d
1
! ( k  = 1 , 2 )
i
i
- 2 3
:
1 + 1 / ^ 2 3  
2 - 2 3
)
( 2 y > U J Y  )
j
J 3 =
j 2
1 ; v r V  P f  >/ 5
wi
T 1,1 • — ■ - ■ ■ - ■ - .
! ( , , ,  a  1 ) :
; (  5 2  ’ 2  )
!j
! ______________ ------- - -
( 2 y  3 Uü y ) J j
: ! 
1
j.
2
( ci t \  u> ) j 3 = !Ii
- 3 1 - 3 1
( 2 y , ( - l + J c ) y ) j 2
i
1 2 /F
V  V  »  3
j (  r o  - 1  + “ > '
k 9 2  * ;1
______________
( 2 y , ( - l +  0 >) y )  j
. • i
J - 1  + ÜJ  ) 
2  )
( v v * > }
j 3 .
1
I,
1
- 3 9
1+ i / - 3 9  
2
- 3 9 ( 3 y # ^  y ) J 2
!
1
j
l/l5 'J P j v  /  3 , 5 ( u o , ^ )  1 ( 3 3 )
(3Y5 W y ) J ! i !
i
l + / 3 j
2
~ 7
< W "  } j 3 =
1
i
i ;
i • ;1
- 8 3
I
- 8 3 ( 3y  ^  vjo Y ) j 2 1 VS. P  jV /  3  3 ^
V.-
K u o , ^ , ^ )  1
( 3 3 ) !
;
1
1
1
1 1 (3 Y s t o  y  ) J
i 1
___________________ »-« >
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!V  KCELDS OF CIASS-NUM3ER h = 4  (l m L < 100)
I I I  i ; ; I ; 1
' m ; u o  i a  [ u i x ] ■ 0 1  : h
! ! 1 i ! k  i i ( k  = 1 . 2 )
!
i 1
i i
i 1
i
1 - 1 4  !
; ii
I i
; ) j 4  = - .
’ 7 ( % ? ( ! +  D y , )  j 3  r - :
l A S  ! - 2 ^ . 7  ! 1  1  \ZT£
; ( 2 y 2 ,  u t 2 )  j
( 3 t 1 > ( 1 + w ) y 1 )  i J
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j !
V p ^ n  i W '  - H
2 '  3  1
■ ■ ! • 1
...... ___________ i ____________    i
i—1i
I 4
i ( V ^ \ )  i J  = 1
------  1 2  : ( £ . » ( i + £ ) y . . )  J 3 _
V ^ T ?  i - 2  . 1 7  ' 1  1  „
S ( 2 r 2 » ( i + « ) r 2 ) : J  
!(3Tt > ( 1+C° ) Y n )  ' JX ± i 1
; : !
! . .! 
- • i L m  1 +  :
v p  f,  /  2 . 3 » _ L '  3 ■
"  1 7  1 +  \ / - 1 7 ,
! 2_  i
; l -  i/ - i 7  )
n
!—2 1
!
! !■ - -  -
i ( V ' w V  1
V=Z ; “ 2 2 . 3 * 7 :  ( 5 Y j ’ ( 2 + u j ) Y j )  AA^ , / 2  iV  p  ^  1 3  ; ^ Z L ,  |
; ( 3 y 2 » ^ * y 2 )  i i ^ S  ’ a * ^ C z D  1
| ( 2 y 1 > ( 1 + u j ) y 1 ) 4  5  5  !
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1
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l
i 3  2  1
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2  . 3 . 5  | 3 3  1  . / 3Ö f  p >  7  . 5
| ( 3 y 2 ? " - 'Y 2 )  Ax  ; , 1 /^ 3 0  )
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: ( 6 y 1 » ( > < o ) y 1 ) | A
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! i
j
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n UU
; 1 . ,o
* ; t-v*  u  : t?
* - , 4 ;
|(c\ ’ w\ ) ;J=I
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1
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i ( 2 y n ,  0  y x )  ‘ J
| ( 3 t 2 »(i + w ) y2) | j ‘ 
j ^  T-l) j
\Zh T ! w ^  > 7 <
( u) 1+ CO
W ’ 2» T " ’
10 ) 
2 )
T
-4 2
* v b H
j
2 3 - v 7 I ( 6 v W y 3 }  b -  ; -2  0 * 4
j(3Y2 , o j y 2)
V^2
j
!(2y- , ,^ > Y 1) *a
i !
1
f
! A l
IvOS
I
i
.
- 2 J .2 3  !
(5Y1 , ( 2+^ ) y1) j
(2y2 , u j y 2) ; J 2
i/5e
1
I
(5y, , ( 2 + 0 >)y ) , J
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m (JG |
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